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CLASSIFICATION OF GENERALIZED POLARIZED MANIFOLDS
BY THEIR NEF VALUES
MASAHIRO OHNO
Abstract. Let (M, E) be a generalized polarized manifold, i.e., a pair of an
n-dimensional smooth projective variety and an ample vector bundle E of rank
r on M . Let τ be the nef value of a polarized manifold (M, det E), i.e., the
minimum of the set of real numbers t such that KM + tdet E is nef; we have
τr ≤ n+ 1 by Mori’s theory. In this paper we classify the pairs (M, E) in the
following two cases: (1) n− 2 ≤ τr and τ ≥ 1; (2) n+ 1− τr < τ ≤ 1.
1. Introduction
Let M be an n-dimensional complex projective manifold and E an ample vector
bundle of rank r onM . The numerical effectiveness of the adjoint bundleKM+det E
has been studied by many authors ([54], [46], [19], [47], [48], [3], [37], and [4] for
the case M is smooth and E is a vector bundle). For a polarized manifold (M,L)
of arbitrary dimension n, Ionescu [23] and Fujita [16] first succeeded, due to Mori-
Kawamata theory, to determine when the adjoint bundle KM + rL is nef or not in
case r ≥ n − 2; this corresponds, in our setting, to the case where E is the direct
sum L⊕r of r copies of the ample line bundle L. The first result for a general
ample vector bundle E was made by Ye and Zhang [54, Theorem 1] and Peternell
[46, Theorem] in case r = n + 1, and the research has proceeded to a lower rank
case; the present state of the research is for r = n − 2, made by Maeda [37] and
Andreatta and Mella [4]. By virtue of these researches, there are lists of the pairs
(M, E) whose adjoint bundles KM + det E are, e.g., not nef, or nef but not ample,
for every r (n+ 1 ≥ r ≥ n− 2).
If we look at these lists, we find that the same type of the pairs (M, E), for
example (Pn,O(1)⊕r), appears repeatedly and the pairs in the same type differ only
in the ranks of their bundles. This indicates that in order to avoid this recurrence
and to obtain a more rank-independent list of the pairs (M, E) we should classify
the pairs (M, E) by the nef values τ(M, det E) of the polarized manifolds (M, det E);
here, by the word nef value τ(M, det E), we mean the minimum of the set of real
numbers t such that KM + t det E is nef. In this paper, we study (M, E) from this
view point and give a more rank-free classification of the pairs (M, E). The precise
results are as follows; set τ = τ(M, det E). Then Mori’s theorem [42, (1.4)] first
implies the following
Proposition 1.1. We have τr ≤ n+ 1.
Now we have the following classification.
Proposition 1.2. If τr = n+ 1, then (M, E) is isomorphic to (Pn,O(1)⊕r).
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In [1, §3 Theorem 2], Andreatta has given a proof of Proposition 1.2.
Theorem 1.3. Suppose that τ ≥ 1. If n− 2 ≤ τr, then (M, E) and the value of τr
are one of the following:
(1) (Pn,O(1)⊕r), and τr = n+ 1;
(2) (Q,OQ(1)⊕r), where Q is a hyperquadric in Pn+1, and τr = n;
(3) (Pn, TPn), and τr = n;
(4) (Pn,O(1)⊕(r−1) ⊕ O(2)), and τr = (n + 1)r/(r + 1) ≥ n − 2 (and hence
r ≥ (n− 2)/3);
(5) (P(F), H(F) ⊗ ψ∗G), where F is a vector bundle of rank n on a smooth
proper curve C, ψ : P(F)→C the projection, and G an ample vector bundle
of rank r on C, and τr = n;
(6) M is a Del Pezzo manifold with PicM ∼= Z, and E ∼= A⊕r where A is the
ample generator of PicM , and τr = n− 1;
(7) r = n− 1, the Picard number ρ(M) of M is one, and KM +det E = 0 (see
[48] for a precise classification), and τr = n− 1;
(8) There exist a hyperquadric fibration ψ :M→C of the relative Picard number
one over a smooth curve C, a ψ-ample line bundle OM (1) on M and an
ample vector bundle G of rank r on C such that E ∼= OM (1) ⊗ ψ∗G where
OM (1)|F ∼= OQ(1) for any fiber F ∼= Q of ψ, and τr = n− 1;
(9) There exists a Pn−1-bundle ψ : M→C over a smooth curve C such that
E|F ∼= TPn−1 for any fiber F of ψ, and τr = n− 1;
(10) M is isomorphic to a projective space bundle P(F) over a smooth proper
curve C for some vector bundle F of rank n on C, and there is an exact
sequence
0→π∗L ⊗H(F)⊗2→E→π∗G ⊗H(F)→0
for some line bundle L on C and some vector bundle G of rank r − 1 ≥ 0
on C where π : P(F)→C is the projection, and τr = nr/(r + 1) ≥ n − 2
(and hence r ≥ (n− 2)/2);
(11) There exists a Pn−2-fibration ψ : M→S, locally trivial in the complex (or
e´tale) topology, over a smooth surface S such that E|F ∼= OPn−2(1)
⊕r for
every fiber F of ψ, and τr = n− 1;
(12) M is the blowing-up ψ : M→M ′ of a projective manifold M ′ at finite
points, and there exists an ample vector bundle E ′ of rank r on M ′ such
that E ∼= ψ∗E ′ ⊗OM (−E) where E is the exceptional divisor of ψ and that
(M ′, E ′) satisfies one of the following:
(a) τ(M ′, det E ′)r < n− 1;
(b) M ′ ∼= P3, and E ′ ∼= O(2)⊕2 or O(2);
(c) (M ′, E ′),∼= (P2,O(3));
(d) n = 2, (M ′, E ′) is of type 10) above, and τr = n− 1;
(13) (Pn,O(1)⊕(r−1) ⊕ O(3)), and τr = (n + 1)r/(r + 2) ≥ n − 2 (and hence
r ≥ 2(n− 2)/3);
(14) (Pn,O(1)⊕(r−2) ⊕O(2)⊕2), and τr = (n+ 1)r/(r + 2) ≥ n− 2 (and hence
r ≥ 2(n− 2)/3);
(15) (Qn,OQ(1)⊕(r−1) ⊕ O(2)) where Qn is a hyperquadric in Pn+1, and τr =
nr/(r + 1) ≥ n− 2 (and hence r ≥ (n− 2)/2);
(16) (Q4,E(2)) where Q4 is a hyperquadric in P5 and E is the spinor bundle on
Q4, and τr = nr/(r + 1) = 8/3;
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(17) M is a Fano manifold of Picard number one with KM + (n− 2)A = 0, and
E ∼= A⊕r where A is an ample line bundle on M , and τr = n− 2;
(18) r = n − 2, the Picard number of M is one, and KM + det E = 0, and
τr = n− 2;
(19) M has an elementary contraction ψ : M → C onto a curve C such that a
general fiber F of ψ is a Del Pezzo manifold, i.e., KF + (n − 2)A = 0 for
some ample line bundle A on F , and that E|F ∼= A⊕r, and τr = n− 2;
(20) r = n− 2 and M has an elementary contraction ψ : M→C onto a smooth
proper curve C such that KF +det E|F = 0 for a general fiber F of ψ, and
τr = n− 2;
(21) M has an elementary contraction ψ : M→S onto a smooth projective sur-
face S such that a general fiber F of ψ is hyperquadric and E|F ∼= O(1)⊕r,
and τr = n− 2;
(22) r = n− 2 and there exists a Pn−2-fibration ψ :M→S, locally trivial in the
e´tale (or complex) topology, over a smooth projective surface S such that
E|F ∼= TPn−2 for any closed fiber F of ψ, and τr = n− 2;
(23) r = n − 2 and there exists a Pn−2-fibration ψ : M→S, locally trivial in
the e´tale (or complex) topology, over a smooth surface S such that E|F ∼=
O(1)⊕(n−3) ⊕O(2) for any closed fiber F of ψ, and τr = n− 2;
(24) M has an elementary contraction ψ :M→S onto a normal projective 3-fold
S with only rational Gorenstein singularities such that except for a finite
number of fibers each fiber F of ψ is isomorphic to Pn−3 and E|F ∼= O(1)⊕r
and τr = n− 2;
(25) r = n− 2, M is the blowing-up ψ : M →M ′ of a projective manifold M ′ at
a point, and E fits into the following exact sequence
0→ ψ∗E ′ ⊗OM (−2E)→ E → OE(−E)
⊕(n−3) → 0,
where E ′ is a vector bundle of rank n − 2 on M ′ and E is the exceptional
divisor of ψ, and τr = n− 2;
(26) M has a divisorial elementary contraction ψ : M→M ′ onto a projective
variety M ′ such that the exceptional divisor E of ψ and E|E satisfy one of
the following:
(a) E ∼= Pn−1, OE(E) = O(−2) and E|E ∼= O(1)⊕r
(b) E ∼= Qn−1 (possibly singular hyperquadric), OE(E) = O(−1) and
E|E ∼= O(1)⊕r, and τr = n− 2;
(27) M is the blowing-up ψ : M→M ′ of a projective manifold M ′ along a smooth
curve B and E ∼= ψ∗E ′ ⊗OM (−E) for some vector bundle E ′ of rank r on
M ′ where E is the exceptional divisor of ψ, and τr = n− 2.
Now let us recall the previous results more precisely in connection with Theo-
rem 1.3. Note here that saying that KM + t det E is not nef, nef but not ample, or
ample is equivalent to saying that t < τ , τ = t, or τ < t respectively. Note also
that if KM + t det E is nef for some positive rational number t then KM + t detE is
semi-ample by the Basepoint-free Theorem [26]; thus to be semi-ample and to be
nef are equivalent for KM + t det E (t ∈ Q>0).
Suppose that r = 1. Ionescu [23, Theorem (1.1)] and Fujita [16, Theorem 1]
first gave the bound τ(= τr)≤ n + 1. Ionescu classified the pairs (M, E) in case
n ≤ τ ≤ n + 1 [23, Theorem (1.2), (1.3), (1.4)], in case n − 1 < τ ≤ n + 1 and
n ≥ 2 (and thus τ > 1) [23, Theorem (1.5), (1.6)], and in case n − 2 < τ ≤ n + 1
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and n ≥ 3 modulo reduction [23, Theorem (1.7)]. Fujita classified the pairs (M, E)
in case n− 1 < τ ≤ n+ 1 and M has some mild singularities [16, Theorems 1 and
2], in case n − 2 < τ ≤ n − 1 and n ≥ 3 [16, Theorem 3’] ([18, (11.8)]), in case
n− 3 < τ ≤ n− 2 and n ≥ 4 [16, Theorem 4].
If r = n+1, then Ye and Zhang [54, Theorem 1] showed that τ ≤ 1 (r = n+1 and
τ ≤ 1 implies τr ≤ n+1), and classified the pairs (M, E) with KM +det E = 0 (and
thus τ = 1 and τr = n+1). Peternell [46, Theorem] also classified the case r = n+1
and KM + det E = 0. Fujita [19, Main Theorem] classified the pairs (M, E) in case
r ≥ n and τ ≥ 1 (this is a sub-case of the case τr ≥ n). Peternell [47, Theorem 2]
also classified in case r = n and KM + det E = 0 (a sub-case of the case τ = 1 and
n = τr). If r = n− 1 and τ = 1 (a sub-case of τr = n− 1), Peternell, Szurek, and
Wi´sniewski [48, Main theorem(0.3)] classified the pairs (M, E) in case r = n−1 ≥ 4
and KM + det E = 0, Wi´sniewski [52] (see also [48, Theorem(0.4)]) classified the
pairs (M, E) in case r = n − 1 = 2 and KM + det E = 0, and Andreatta, Ballico,
and Wi´sniewski [3, Theorem] classified in case KM +det E 6= 0. Finally, if r = n−2
and τ = 1 (a sub-case of τr = n − 2), then Andreatta and Mella [4, Theorem 5.1.
2) and 3)] classified the pairs (M, E) except for the case KM + det E = 0.
Suppose that τ > 1, i.e., that KM + det E is not nef. If r = n (a sub-case of
n < τr under the assumption τ > 1), then pairs (M, E) are classified by Ye and
Zhang [54, Theorem 2]. If r = n− 1 (a sub-case of τr > n− 1), then pairs (M, E)
are classified also by Ye and Zhang [54, Theorem 3]. Finally, if r = n−2 (a sub-case
of n − 2 < τr), then pairs (M, E) are classified by Maeda [37, Theorem] and by
Andreatta and Mella [4, Theorem 5.1. 1)].
Now we give several comments related to Theorem 1.3 itself. First, the proof
of Theorem 1.3 basically follows the ideas and techniques developed by the above
mentioned authors. However we need some new considerations to deal with some
cases. For example, I could not help applying the theorem of Cho, Miyaoka, and
Shepherd Barron [10], and Kebekus [27] [28], characterizing projective spaces in
terms of their length, to deal with, in particular, the case n − 2 ≤ τr < n − 1
(see, e.g., Proposition 10.1, or § 12). Moreover we make the proof of Theorem 1.3
independent of the value of τr as possible, in particular, in case the Picard number
ρ(M) of M is one (see, e.g., § 10, § 14, and § 18), so that, I believe, the results
obtained in the proof are also applicable to the case of τr smaller, e.g., to the
case n − 3 < τr < n − 2. Second, we can regard (M ′, E ′) in the case (12) (a) of
Theorem 1.3 as the first reduction of the generalized polarized manifold (M, E) for
all r ≤ n− 1. (See [8] for the first reduction of a polarized variety.) Third, we did
not classify the pairs (M, E) in the case (18) of Theorem 1.3, as in [4, Theorem
5.1. 2)]. Finally, note that the case (25) of Theorem 1.3 is ruled out by mistake
in [4, Theorem 5.1 3)]. We will also give an example (Example 6.7) of this case.
I also remark that I could not determine the structure of ψ in the case (25) of
Theorem 1.3 without knowing [6, Theorem 5.1] of Andreatta and Occhetta.
For the case τ ≤ 1, we have the following
Proposition 1.4. If n+ 1− τr < τ ≤ 1, then (M, E) ∼= (Pn,O(1)⊕r).
Note that in the report [43] of my talk at a workshop at RIMS, I announced
Propositions 1.1, 1.2, and 1.4, the classification in case n− 1 < τr and τ ≥ 1, and
the classification in case n− 1 = τr and 2 ≤ r ≤ n− 1. (Note that τr < s+ 1 for
some integer s and τ ≥ 1 implies r ≤ s.) I also gave a proof of Proposition 1.1,
and, based on a characterization of projective space by its length due to [10], gave
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a short proof of Propositions 1.2 and 1.4. I also proved shortly the classification
in case n − 1 < τr and τ ≥ 1, and outlined proofs of the classification in case
n− 1 = τr and 2 ≤ r ≤ n− 1 with several typographical errors and inaccuracies.
In this paper, we extend the classification to the case n− 2 ≤ τr and τ ≥ 1 and
give a complete proof of the classification in a more unifying way as possible (see,
e.g., Theorem 14.3, Propositions 10.1, 18.1, 18.2, and 18.3).
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Notation and conventions
In this paper, we work over the complex number field C. Basically we follow the
standard notation and terminology in algebraic geometry. We use the wordmanifold
to mean a smooth variety. For a manifoldM , we denote byKM the canonical divisor
of M . We use the word line to mean a smooth rational curve of degree 1. We also
use the words ”locally free sheaf” and ”vector bundle” interchangeably. For a vector
bundle E on a variety M , we denote by H(E) the tautological line bundle OP(E)(1)
on P(E). We also use the terminology in the Minimal Model Program. For our
terminology, we fully refer to [26] and [42]. We will call an elementary contraction
the contraction morphism of an extremal ray. For an extremal ray R of NE(M) of
a projective manifold M , we denote by l(R) the length of the ray R, i.e.,
l(R) = min{−KM .C | C ⊆M is a rational curve, and [C] ∈ R},
and by E(R) the locus of the ray R, i.e., the union of all curves belonging to R.
2. Preliminaries and proofs of Propositions
In this section, we first recall some fundamental results of Mori-Kawamata theory
in our setting. We refer to [41], [42], and [26] for details and proofs.
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Let M be a projective manifold of dimension n and E an ample vector bundle of
rank r on M . Set H = det E ; it is an ample line bundle. For a polarized manifold
(M,H), it is very important to study the adjunction bundle KM + tH for a various
t ∈ Q, as is known by the fundamental notion such as adjunction formula, sectional
genus, etc. If KM is not nef, we can apply Mori-Kawamata theory: if KM + tH
is nef for some positive rational number t ∈ Q>0, the Basepoint-free Theorem [26]
implies that Bs|m(KM + tH)| = ∅ for all m≫ 0 such that mt ∈ N.
Here we define the nef value τ(M,H) of a polarized manifold (M,H) to be the
minimum of the set of real numbers t such that KM + tH is nef. Set τ = τ(M,H).
Then Kleiman’s criterion for ampleness [29] implies that KM+ tH is ample if t > τ ,
nef but not ample if t = τ , and not nef if t < τ .
Suppose that KM is not nef, i.e., τ > 0, as above. Then τ is a rational number
by the Rationality Theorem [26]. Hence we can apply the Basepoint-free Theorem
[26] to KM +τH to see that Bs|m(KM +τH)| = ∅ for all m≫ 0 such that mτ ∈ N.
Let Ψ|m(KM+τH)| :M → P be the morphism defined by the linear system |m(KM+
τH)|, and consider the Stein factorization of Ψ|m(KM+τH)|: Ψ|m(KM+τH)| = vm◦Ψ,
where Ψ :M → T is the morphism onto a normal variety T with connected fibers,
and vm : T → P is the finite morphism. We see that Ψ is independent of m chosen.
We call Ψ the nef value morphism of the polarized manifold (M,H). SinceKM+τH
is nef but not ample by Kleiman’s criterion for ampleness [29], Ψ|m(KM+τH)| is not
finite, i.e., Ψ is not isomorphic and contracts some curve on M . Let C be a curve
on M . Then Ψ contracts C if and only if (KM + τH).C = 0. This is the numerical
characterization of curves contracted by Ψ.
Let Z1(M) be the free abelian group generated by all the irreducible reduced
curves on M , and set N1(M) = {Z1(M)/≡} ⊗ R, where ≡ denotes the numerical
equivalence. Let NE(M) be the closure in the Euclidean topology of the cone
NE(M) in N1(M) generated by all the effective curves on M . Set
F = {D ∈ N1(M) | (KM + τH).D = 0} ∩ NE(M).
Then the Contraction Theorem [26] says that Ψ is characterized by the following
two properties: (i) Ψ is a morphism onto a normal projective variety with connected
fibers; (ii) Ψ contracts a curve C if and only if the numerical equivalence class [C] of
C lies in F . Namely Ψ is uniquely determined by F , and we call Ψ the contraction
morphism of an extremal face F . This characterization of Ψ implies that if a nef
divisor A defines a supporting function of F , i.e., if, for a curve C, A.C = 0 if and
only if [C] ∈ F , then the morphism with connected fibers onto a normal variety
induced, by the Basepoint-free Theorem [26], from high multiplemA of A is nothing
but Ψ and independent of m, and thus A = Ψ∗B for some ample Cartier divisor
B on T . Moreover we see that a divisor A′ is the pull back of some Cartier divisor
B′ of T if and only if A′.C = 0 for any curve C (whose numerical equivalence
class is) belonging to F , because A′ +mA defines a supporting function of F for
a sufficiently large m, where A is assumed, as above, to be nef and to define a
supporting function of F .
It follows from the Cone Theorem [42] that F is a polyhedral cone, i.e., F is
spanned by the minimal finite set of half lines R, Ra,. . . , Rd, called extremal rays,
as F = R + Ra + · · · + Rd, and that each extremal ray, e.g., R, is represented, as
R = R≥0[C], by a rational curve C such that −KM .C ≤ n+1. Such a rational curve
C is called an extremal rational curve of R. Note here that F is thus a rational
cone in N1(M) since each extremal ray is represented by an effective curve. We
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also recall here the notion of the length l(R) of the ray R: the length l(R) of R
is defined to be the minimum of the set of intersection numbers −KM .C of −KM
and rational curves C belonging to R, i.e.,
l(R) = min{−KM .C | C ⊆M is a rational curve, and [C] ∈ R}.
If an extremal rational curve C0 of R attains the length l(R) of R, i.e., −KM .C0 =
l(R), we call C0 a minimal extremal rational curve.
Here we give a proof of Propositions 1.1.
Proof of Proposition 1.1. We show that an upper bound of τ is (n + 1)/r: if τ is
positive then τ ≤ (n + 1)/r. Thus we may assume, as above, that τ is positive.
Then, as we have seen in the above, there exists an extremal rational curve C of an
extremal ray R such that (KM + τ det E).C = 0. Since det E .C ≥ r for a rational
curve C and an ample vector bundle E of rank r, this implies that τr ≤ n+ 1. 
Now choose one extremal ray, say, R, and fix R. Since F is a rational cone, if
we perturb τH a little, we can take a Q-Cartier divisor H ′ such that KM +H ′ is
nef and that R is supported by KM +H
′ on M :
R = {D ∈ N1(M) | (KM +H
′).D = 0} ∩NE(M).
Then, by the same argument as above, applying the Basepoint-free Theorem [26]
to KM +H
′ and taking the Stein factorization, we obtain a morphism ψ :M → S
with connected fibers onto a normal variety S. We see that a curve C is contracted
by ψ if and only if [C] ∈ R, and that ψ is uniquely determined by this property with
ψ∗OM = OS ; thus ψ is called the contraction morphism ofR. Since (KM+τH).C =
0 for any curve C belonging to R, as we have seen in case Ψ and F , we infer that
KM + τH is the pull back of some line bundle on S. Hence the nef value morphism
Ψ is factored through ψ. Note here that the relative Picard number ρ(M/S) is one.
We also call ψ an elementary contraction.
Our first strategy to the classification is to study the structure of ψ: if we know
the structure of ψ well, then we also know the structure of (M, E). Here let us recall
the locus E(R) of R: it is the union of all curves belonging to R, i.e., in terms of ψ,
it is the locus contracted by ψ. The first pivotal result concerning the property of
ψ is the following theorem [53, Theorem (1.1)] of Wi´sniewski, theorem which comes
to this form from the equality l(R) ≤ n+ 1 by Mori [42] through an improvement
[23, Theorem (0.4)] by Ionescu:
Theorem 2.1. Let M be a projective manifold and let R be an extremal ray of
NE(M). Denote by ψ the contraction morphism of R, and by E(R) the locus of R.
For each irreducible component F (ψ) of any positive dimensional fiber of ψ and for
a given general point x of F (ψ), set
lx(F (ψ)) = min{−KM .C | x ∈ C ⊆ F (ψ) is a rational curve}.
Then we have
(2.1) l(R) ≤ lx(F (ψ)) ≤ dimF (ψ) + 1− codim(E(R),M).
This theorem gives an upper bound (2.1) of the length l(R).
On the other hand, we have an lower bound of l(R) as follows. Let C0 be a
minimal extremal rational curve of R. Then we have
(2.2) l(R) = −KM .C0 = τ det E .C0 ≥ τr,
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since (KM + τ det E).C0 = 0.
Let us apply these inequalities to deduce Proposition 1.2; suppose that n+ 1 ≤
τr. Then the lower bound (2.2) implies that n + 1 ≤ l(R), and thus the upper
bound (2.1) implies that l(R) = n + 1, that dimF (ψ) = n, and that ψ is of fiber
type. Moreover equality holds in the lower bound (2.2); we have det E .C0 = r.
Furthermore we have dimS = 0, since dimF (ψ) = n, and thus we infer that
KM + τ det E = 0. In particular, we see that M is a Fano manifold. (In [43], I
used [23, Theorem (0.4)] to deduce that M is a Fano manifold in the proof of this
proposition. However this is an error. Please apply Theorem 2.1 instead of [23,
Theorem (0.4)].)
Now we come to apply the following very strong characterization of projective
space. For a more unifying characterization, which deduce the following as one
of its corollaries, we refer to the paper of Cho, Miyaoka and Shepherd-Barron
[10, Theorems 0.1 and 0.2]. We also refer to Kebekus’s papers [27] and [28] for a
cornerstone of the proof of the following.
Theorem 2.2. Let M be a Fano manifold of dimension n over the complex num-
bers. If −KM .C ≥ n+1 for every rational curve C ⊂M , then M is isomorphic to
Pn.
It follows from this theorem that M ∼= Pn. Hence we see that C0 is a line in Pn.
Since det E .C0 = r, we have det E ∼= O(r). Since E is ample, this implies that E is
a uniform vector bundle of type (1, . . . , 1).
Here we recall some of the results on uniform vector bundles on Pn needed later,
results due to Van de Ven [50], Sato [49], Elencwajg, Hirschowitz, and Schnei-
der [13], Elencwajg [11], [12], Ellia [14], and Ballico [7].
Theorem 2.3. Let E be a uniform vector bundle of rank r on Pn (over an alge-
braically closed field of characteristic zero).
(1) If the type of E is (0. . . . , 0), then E ∼= O⊕r.
(2) If the type of E is (0, . . . , 0, 1), then E is either O⊕(r−1)⊕O(1) or O⊕(r−n)⊕
TPn(−1).
(3) If r ≤ n + 1, then E is one of the following: ⊕ri=1O(ai), TPn(a) ⊕ O(b)
⊕i
(i = 0, 1), ΩPn(a) ⊕ O(b)⊕i (i = 0, 1), or S2TP2 , where ai, a, and b are
integers.
By Theorem 2.3 (1) (see also [44, Theorem 3.2.1] for a proof), we have E ∼=
O(1)⊕r. This completes the proof of Proposition 1.2.
Note here that if we assume that τ ≥ 1 then we can deduce Proposition 1.2 by
applying the following (1) of the theorem of Kobayashi and Ochiai [30] instead of
Theorem 2.2 (see [43]).
Theorem 2.4. Let (M,L) be a polarized manifold of dimension n over the complex
numbers.
(1) If KM + (n+ 1)L = 0, then (M,L) is isomorphic to (Pn,O(1)).
(2) If KM+nL = 0, then (M,L) is isomorphic to (Qn,O(1)), where Qn denotes
a hyperquadric in Pn+1.
Finally we give a proof of Proposition 1.4, which is, as Proposition 1.2, an easy
consequence of Theorem 2.2.
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Proof of Proposition 1.4. Since n + 1 − τr < τ ≤ 1, we have n ≤ n + 1 − τ < τr.
The lower bound (2.2) therefore implies that n + 1 ≤ l(R). As in the proof of
Proposition 1.2, the upper bound (2.1) then implies that l(R) = n + 1 and that
M is a Fano manifold of Picard number one. Hence it follows from Theorem 2.2
that M ∼= Pn. By n + 1 − τr < τ , we also have n + 1 < τ(r + 1). Therefore we
have τ det E .C0 = −KM .C0 < τ(r + 1). Hence we have det E .C0 < r + 1, since τ is
positive. This implies det E .C0 = r, since E is ample. Thus we have E ∼= O(1)⊕r,
as in the proof of Proposition 1.2. 
3. Relative version of Proposition 1.2
In this section, we will give a relative version Proposition 3.1 of Proposition 1.2.
Proposition 3.1 will be used in the proof of Theorem 1.3 in case ψ : M → S in § 2
is of fiber type. Some results needed in the proof of Proposition 3.1 are collected
in § 4.
As in § 2, letM be an n-dimensional projective manifold, and E an ample vector
bundle of rank r on M . Suppose that KM is not nef, and denote by τ the nef value
of (M, det E). Let R be an extremal ray of NE(M) such that (KM +τ det E).R = 0,
and ψ :M → S the contraction morphism of R. Note that KM + τ det E is the pull
back of some Q-Cartier divisor on S.
By inequalities (2.1) and (2.2) in § 2, we see first that
τr ≤ dimF (ψ) + 1− codim(E(R),M)
for any irreducible component F (ψ) of any positive dimensional fiber of ψ. Note
here that, by abuse of notation, we may assume that F (ψ) takes the smallest
dimension among all the positive dimensional fibers of ψ. Hence if dimF (ψ)+1 ≤ τr
for some irreducible component F (ψ) of some positive dimensional fiber of ψ we
infer that codim(E(R),M) = 0, i.e., that ψ is of fiber type, and that
τr = dimF + 1
for a general fiber F of ψ. On the other hand, if ψ is of fiber type, we have
KF + τ det E|F = 0 for a general fiber of ψ, and thus τ is also the nef value of
(F, det E|F ). This is the reason why we call the following proposition a relative
version of Proposition 1.2.
Proposition 3.1. Suppose that dimF (ψ)+1 ≤ τr for some irreducible component
F (ψ) of some positive dimensional fiber of ψ. Then ψ is of fiber type, dimS =
n − τr + 1, and S has only rational Gorenstein singularities. Let U denote the
largest open subset of S such that ψ−1(U) → U is smooth. Set d = τr − 1. Then
for any fiber F of ψ over any closed point of U , we have (F, E|F ) ∼= (Pd,O(1)⊕r)
and codim(S \ U, S) ≥ 3. Hence we have codim(Sing S, S) ≥ 3. Moreover
(1) if τr = n, then ψ is a Pn−1-bundle in the Zariski topology;
(2) if τr = n− 1, then ψ is a Pn−2-bundle in the e´tale (or complex) topology;
(3) if τr = n− 2, then ψ has at most finite number of singular fibers.
Proof. As is noted above, the assumption dimF (ψ)+1 ≤ τr implies that ψ is of fiber
type and that τr = dimF (ψ) + 1 ≥ 2. It follows immediately from Proposition 4.2
that S has only rational Gorenstein singularities. Since τr = dimF + 1 for any
closed fiber F of ψ−1(U)→ U and τ is also the nef value of (F, det E|F ), as we have
seen above, Proposition 1.2 implies that (F, E|F ) ∼= (Pd,O(1)⊕r).
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Let S2 be the intersection D1 ∩ · · · ∩ Dn−d−2 of general very ample divisors
D1, . . . , Dn−d−2 of S. Then the restricted morphism ψ
−1(S2)→S2 is the contraction
morphism of an extremal ray from a smooth variety ψ−1(S2). Indeed, if this were
not elementary, then, by applying Proposition 4.3 to a (d+2)-dimensional manifold
ψ−1(S2), we would have d + 1 < (d + 3)/2, i.e., d < 1. This is a contradiction.
Hence ψ−1(S2)→S2 is elementary. Now it follows from Proposition 4.2 that S2 is
smooth.
Take a general very ample divisor S1 on S2, and let us consider the morphism
ψ−1(S1)→S1. This morphism is again an elementary contraction; indeed, if this
were not elementary, again by applying Proposition 4.3 to a (d + 1)-dimensional
manifold ψ−1(S1), we would have d + 1 = (d + 2)/2, i.e., d = 0. This is a contra-
diction. Thus ψ−1(S1)→S1 is elementary.
Let U1 denote the largest open subset of S1 such that ψ
−1(U1)→U1 is smooth.
Let F1 be any closed fiber of the morphism ψ
−1(U1)→U1. Note here (F1, E|F1) ∼=
(Pd,O(1)⊕r). Therefore, by Theorem 4.4, ψ−1(U1)→U1 is a Pd-bundle in the e´tale
topology, and on the space ψ−1(V ) = V ×U1 ψ
−1(U1) over any small e´tale open
set V of U1 exists a line bundle HV such that the restriction of HV to any fiber
of ψ−1(V )→V is isomorphic to O(1). Since dimU1 = 1, Tsen’s theorem implies
that H2(U1et,Gm) = 0, where U1et denotes U1 with e´tale topology. (See, e.g., [39,
III p.108].) Hence, by modifying the glueing if necessary, we can glue these HV in
the e´tale topology. Moreover it follows from [39, III.4.9] that H1(ψ−1(U1)et,Gm) =
H1(ψ−1(U1)Zar,O×) = Picψ−1(U1). Hence there exists an algebraic line bundle
H on ψ−1(U1) such that H |F1 = OF1(1) for any closed fiber F1. Since ψ
−1(S1) is
smooth and H is algebraic, we can extend H to a line bundle on ψ−1(S1), which
we also denote by H by abuse of notation.
Let F2 be an arbitrary closed fiber of ψ
−1(S1)→S1. Then F2 is irreducible and
reduced; suppose, to the contrary, that F2 = F
′+F ′′. Note here that F ′ is a Cartier
divisor since dimS1 = 1 and ψ
−1(S1) is smooth. Now that the Cartier divisor F
′
satisfies the condition F ′.f = 0 for any curve f in a fiber F1 disjoint from F
′, we
infer, by the property of a contraction morphism of an extremal ray, that F ′ must
be the pull back of some Cartier divisor on S1. Since dimS1 = 1, this implies that
F ′ itself must be a fiber of ψ−1(S1)→S1, a contradiction.
Note that the polarized variety (F1, H |F1) has Fujita’s delta genus ∆(F1, H |F1) =
0 and degree (H |F1)
d = 1. Hence (F2, H |F2) also has the same delta genus and
degree, so that (F2, H |F2) ∼= (P
d,O(1)). Therefore ψ−1(S1)→S1 is a Pd-bundle in
the Zariski topology; in particular, if dimS = dimS1 = 1, i.e., τr − 1 = d = n− 1,
we have (1) of the proposition.
Since ψ−1(S1)→S1 is a Pd-bundle, ψ−1(S2)→S2 has at most finite number of
singular fibers. Furthermore, since ψ−1(S2)→ S2 is elementary, it has no divisorial
fibers; since dimS2 = 2, this implies that ψ
−1(S2)→ S2 is equidimensional. There-
fore we infer that every closed fiber F ′ of ψ−1(S2)→S2 is isomorphic to Pd and
that E|F ′ ∼= O(1)⊕r by the same argument as in [3, §2.2, e-mail note of T. Fujita].
Theorem 4.4 thus implies that ψ−1(S2)→S2 is a Pd-bundle in the e´tale topology.
(It is easy to see that ψ−1(S2)→S2 is a Pd-bundle in the complex topology.) In
particular, if dimS = dimS2 = 2, i.e., τr − 1 = d = n − 2, we have (2) of the
proposition.
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Since ψ−1(S2)→S2 is a Pd-bundle in the e´tale (or complex) topology, we have
S2 ⊂ U , and thus codim(S \ U, S) ≥ 3. In particular, if dimS = 3, i.e., τr − 1 =
d = n− 3, we have (3) of the proposition.
Finally, since codim(S \ U, S) ≥ 3, we have codim(Sing S, S) ≥ 3. 
4. Preliminaries for the fiber type case
The following proposition is a slight improvement of [3, Proposition 1.4].
Proposition 4.1. Let ψ : M→S be a proper morphism of normal varieties with
connected fibers, and suppose that M is smooth and that every divisor on M is
either dominating S or the pull back of some Cartier divisor on S. If S has at
worst quotient singularities then it is smooth.
Proof. Assume, to the contrary, that S has a singular point s ∈ S. Since the
question is local on S, replacing S with a small enough neighborhood around s in
the complex topology if necessary, we may assume that there exists a finite Galois
cover p : T→S with Galois group G from a smooth variety T . Let t ∈ T be a
point such that p(t) = s. We may moreover assume that G is the stabilizer of t,
that G is a subgroup of GL(dimS,C), and, by [9], that G is small, i.e., G contains
no reflections. Thus p is e´tale outside Sing(S). Let Z be the normalization of the
fiber product of M and T over S. Then G acts naturally on Z over M . Note that
Z→M is e´tale in codimension one since so is p and the image of any divisor on M
via ψ has, by assumption, codimension ≤ 1 in S. Let n denote the dimension of
M , and Y an n-dimensional irreducible component of Z. Then Y dominates M
and thus dominates S. Hence it dominates T . Since ψ∗OM = OS , the irreducible
component which dominates T is unique. Therefore Y is the only n-dimensional
component of Z. This implies that the action of G on Z can be restricted to that
on Y over M . Let Yt denote the fiber over t. Since G is the stabilizer of t, G acts
trivially on Yt. Hence Yt is contained in the ramification locus of Y→M because
deg(Y→M) = |G| ≥ 2. On the other hand, since Y is normal, M is smooth, and
Y→M is e´tale in codimension one, it follows from the purity of branch loci that
Y→M is e´tale. This is a contradiction. 
The following proposition is also a slight improvement of [3, Proposition 1.4.1];
our feature of the proof is an application of Kolla´r’s result [31].
Proposition 4.2. Let ψ :M→S be the contraction morphism of an extremal ray,
i.e., an elementary contraction. Suppose that M is smooth and that ψ is of fiber
type. Then S has only rational Gorenstein singularities. Moreover if dimS = 2
then S is smooth.
Proof. First we see that every divisor on M is either dominating S or the pull
back of some Cartier divisor on S, since ψ is an elementary contraction of fiber
type from a smooth variety. By the some reason, we also see that every integral
Weil divisor on S is a Cartier divisor; in particular we see that S is 1-Gorenstein.
Second note that S has only rational singularities by [31, Cor. 7.4]; in particular
S is Cohen–Macaulay. Now that S is Cohen–Macaulay and 1-Gorenstein, we infer
that S is Gorenstein. Therefore S has only rational Gorenstein singularities. If S is
a surface, this means that S has only rational double points. Now Proposition 4.1
implies that S is smooth. 
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The following proposition due to [2] (see also [3, Proposition 1.3]) will be used
in the proofs of Propositions 3.1 and 21.1. For a proof, see also [5, Proposition 2.9].
Proposition 4.3. Let ψ : M → S be the contraction morphism of an extremal
face from a smooth projective variety M of dimension n onto a normal projective
variety S of dimension < n. Suppose that every rational curve C in a general fiber
of ψ satisfy a condition −KM .C ≥ (n+1)/2. Then ψ is an elementary contraction
except if
(1) −KM .C = (n+2)/2 for some rational curve C onM , S is a point, andM is
a Fano manifold of pseudoindex (n+2)/2 and of Picard number ρ(M) = 2.
(2) −KM .C = (n+ 1)/2 for some rational curve C on M , and dimS ≤ 1.
Finally recall the following theorem [21, The´ore`me 8.2] of Grothendieck in our
setting.
Theorem 4.4. Let ψ : M → S be a proper flat morphism of varieties (over an
algebraically closed field), and suppose that a closed fiber ψ−1(s) of ψ is isomorphic
to Pd. Then there exist an open neighborhood V ′ ⊂ S of s and an e´tale finite
surjective morphism V → V ′ such that M ×V ′ V is isomorphic to PdV over V .
5. An overview of the proof of Theorem 1.3
We give an overview of the proof of Theorem 1.3 in this section. As in § 2, denote
by R an extremal ray of NE(M) such that (KM + τ det E).R = 0, by C0 a minimal
extremal rational curve of R, and by ψ :M → S the contraction morphism of R.
First recall the upper bound (2.1) of l(R) in Theorem 2.1 and the lower bound
(2.2) of l(R): we have
(5.1) τr ≤ τ det E .C0 = l(R) ≤ dimF (ψ) + 1− codim(E(R),M)
for any irreducible component F (ψ) of any positive dimensional fiber of ψ. By abuse
of notation, we often regard F (ψ) as a fiber which has the smallest dimension among
all the positive dimensional fibers of ψ.
Set a = det E .C0− r. Since E is ample of rank r, a is a non-negative integer. We
have
τr ≤ τ(r + a) = τ det E .C0 = l(R).
If τ ≥ 1, we have, therefore,
(5.2) 0 ≤ a ≤ τa = l(R)− τr.
Now we give an overview of the proof of Theorem 1.3.
If codim(E(R),M) ≥ 2, i.e., ψ is small, we have dimF (ψ) ≤ n− 2 since F (ψ) ⊆
E(R). Hence we have τr ≤ n − 3 by (5.1). Since we assume that n − 3 < τr, we
infer that ψ cannot be small.
If codim(E(R),M) = 1, the locusE(R) ofR is a prime divisor by [26, Proposition
5-1-6], and ψ is called divisorial. In case ψ is divisorial, since F (ψ) ⊆ E(R), we
have
(5.3) τr ≤ τ det E .C0 = l(R) ≤ dimF (ψ) ≤ n− 1.
We divide the case into two cases: 1) l(R) = dimF (ψ); 2) l(R) < dimF (ψ).
For the case 1), if we assume moreover that l(R) = dimF (ψ) for any irreducible
component of any positive dimensional fiber of ψ and that dimF (ψ)−2 < τr, then
we can give the classification; it will be given in Theorem 6.2 and Remark 6.3 in
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case dimF (ψ) − 1 < τr ≤ dimF (ψ), and in Theorem 6.6 in case dimF (ψ) − 2 <
τr ≤ dimF (ψ)− 1. Note here that if n− 3 < τr then n− 2 ≤ dimF (ψ) and thus
1 ≥ dimψ(E(R)), so that this additional assumption is always satisfied. For the
case 2), our assumption n − 3 < τr implies that l(R) = n − 2. Furthermore we
see that l(R) − τr < 1, and thus we have det E .C0 = r by (5.2). This case will be
treated in § 7. Finally note that the ψ in the case (12) of Theorem 1.3 is, in general,
not elementary and, in fact, the composite of divisorial elementary contractions of
the case 1) above. To obtain the (M ′, E ′) in the case (12) of Theorem 1.3, we need
to know furthermore the structure of (M, E) with τr = n− 1 and ψ of fiber type.
So we will complete the classification of the case (12) of Theorem 1.3 in § 22.1 after
we have classified the case τr = n− 1 and ψ of fiber type.
If codim(E(R),M) = 0, i.e., ψ is of fiber type, let F be a general fiber of ψ.
Since (KM + τ det E).R = 0, we have KF + τ det E|F = 0, and this implies that τ
is also the nef value of the general fiber (F, det E|F ). Set
b = b(M, E) = xdimM + 1− τry.
We have n− b < τr ≤ n+1− b, and we see, by (5.1), that b ≥ 0. Moreover we have
b(F, E|F ) = b(M, E)− dimS.
If dimS > 0, this implies that the classification of the general fiber (F, E|F ) is
reduced to that of (M, E) with smaller b and satisfying the conditionKM+τ det E =
0. (Note here that the Picard number ρ(F ) of F is not necessarily one and that
F might admit a birational contraction.) We will proceed by induction on b with
the classification of the pairs (M, E) with dimS > 0. Note here that, if τ ≥ 1,
we have already classified the case b = 0; Proposition 1.2 gives the classification
in case τr = n + 1. Since n < τr in case b = 0, we have l(R) − τr < 1, and
thus, if τ ≥ 1, inequality (5.2) implies that det E .C0 = r. Therefore we have
τr = τ det E .C0 = l(R) = n+ 1. So we may assume that we have already classified
the case b = 0. We also see that, once we obtain the classification of some fixed
b, we have to make the relativization of it to get the classification with bigger b
and with dimS > 0. Note here that we have already made the relativization of
the case b = 0, i.e., the case n < τr ≤ n + 1, to the case dimF < τr ≤ dimF + 1
by Proposition 3.1 since τ ≥ 1; indeed, if dimF < τr, it follows from (5.1) above
that l(R) = dimF + 1, and that l(R) − τr < 1. If τ ≥ 1, this implies that
det E .C0 = r by (5.2) above. Therefore τr = τ det E .C0 = l(R) = dimF (ψ) + 1.
Hence Proposition 3.1 with τ ≥ 1 implies that we have already classified the case
dimF < τr ≤ dimF + 1.
On the contrary to the case dimS > 0, we will classify the case dimS = 0 in a
way as independent of the value of b and τr as possible. The setup and the strategy
to deal with the case dimS = 0 will be given in § 8. We will denote sections from
§ 8 to § 19 to the case dimS = 0. I believe that the most results obtained here, in
particular, those in § 10, § 14, and § 18 are also applicable to the case of τr smaller,
e.g., to the case n− 3 < τr < n− 2. The classification of the case dimS = 0 is the
main part of this paper.
Except for the case (12) of Theorem 1.3, after we established the classification
of the case dimS = 0 and of the case ψ is birational, we will proceed inductively
on b with the classification of the case dimS > 0 as follows. Suppose that b = 1.
Namely suppose that n− 1 < τr ≤ n, that ψ is of fiber type, and that dimS > 0.
Then we see by (5.1) that dimF = n− 1, and thus dimF < τr ≤ dimF + 1 holds.
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Therefore the case b = 1 is already finished by Proposition 3.1 with τ ≥ 1. We will
make the relativization of the case n − 1 < τr ≤ n to the case dimF − 1 < τr ≤
dimF with dimS > 0 in § 21. Note that although the possible list of the general
fiber (F, E|F ) with dimS > 0 is obtained by the inductive procedure, it is another
problem whether the possible fiber (F, E|F ) does really occur or not as a fiber of an
elementary contraction of fiber type. Moreover we have the problem to determine
the singular fiber of ψ. Applying the classification of the case dimF − 1 < τr, we
will obtain the classification of the case b = 2, i.e., the case n− 2 < τr ≤ n− 1 in
§ 22. We will make the relativization of the case n − 2 < τr ≤ n − 1 to the case
dimF − 2 < τr ≤ dimF − 1 in § 23. Finally applying the classification of the case
dimF − 2 < τr we obtain the classification of the case τr = n− 2 in § 24.
6. The case ψ is divisorial and l(R) = dimF (ψ)
The following theorem of Andreatta and Occhetta [6, Theorem 5.1] plays a key
role in case ψ is divisorial with l(R) = dimF (ψ) in the proof of Theorem 1.3. Note
here that if ψ is divisorial it follows from (5.3) in § 5 that
(6.1) τr ≤ τ det E .C0 = l(R) ≤ dimF (ψ),
where C0 is a minimal extremal rational curve of R.
Theorem 6.1. Let M be an n-dimensional complex projective manifold, R an ex-
tremal ray of NE(M), and ψ :M → S the contraction morphism of R. Suppose that
ψ is divisorial, and denote by E the exceptional divisor of ψ. If l(R) = dimF (ψ)
for any irreducible component F (ψ) of any positive dimensional fiber of ψ, then S
is smooth and ψ is the blowing up along a submanifold ψ(E) of S.
Based on Theorem 6.1, we give the following theorem, which is a modification
of [4, Theorem 3.1] to our case. The feature of our proof is the application of
Theorem 6.1 and Ishimura’s theorem [24], which simplify and clarify the argument
in [4, Theorem 3.1].
Theorem 6.2. Let M be an n-dimensional complex projective manifold, and E
an ample vector bundle of rank r on M . Let τ be the nef value of the polarized
manifold (M, det E). Suppose that KM is not nef, i.e., τ > 0; let R be an extremal
ray of NE(M) such that (KM + τ det E).R = 0, and ψ : M → S the contraction
morphism of R. Suppose that ψ is divisorial; let E be the exceptional divisor of ψ.
If dimF (ψ) ≤ τr for any irreducible component F (ψ) of any positive dimensional
fiber of ψ, then S is smooth, ψ is the blowing up along a smooth variety ψ(E), and
E ∼= ψ∗E ′ ⊗O(−E) for some vector bundle E ′ on S.
Let π : P = P(E) → M be the projective space bundle associated to E, and
π′ : N = P(E ′) → S the one associated to E ′. Let ϕ : P → N be the morphism
induced from the relation E ⊗OM (E) ∼= ψ∗E ′. Then ϕ is the contraction morphism
of some extremal ray R1 of NE(P ). Denote by L the tautological line bundle H(E)
associated to E, and by L′ the one associated to E ′. Then E ′ is ample in the following
cases;
(1) L⊗π∗OM (E) is a good supporting divisor of ϕ, i.e., it is nef and it defines
a supporting function of R1;
(2) E ′|ψ(E) is ample. In particular, if ψ(E) is a point, then E
′ is ample.
Finally, if E ′ is ample, we have τ(S, det E ′) ≤ τ .
CLASSIFICATION OF GENERALIZED POLARIZED MANIFOLDS 15
Proof. Since ψ is divisorial and dimF (ψ) ≤ τr, all the inequalities in (6.1) above
become equalities. Hence we can apply Theorem 6.1 to see that S is nonsingular
and that ψ is the blowing-up along a submanifold ψ(E) of S. Now every positive
dimensional fiber of ψ is isomorphic to a projective space of dimension l(R) and
a minimal extremal rational curve C0 of R is a line in this projective space, i.e.,
−E.C0 = 1. Since det E .C0 = r, we have, by Theorem 2.3 (1), E|F (ψ) ∼= OPl(R)(1)
⊕r
for every positive dimensional fiber F (ψ) of ψ. Hence we have E ⊗ OM (E) ∼= ψ∗E ′
for some vector bundle E ′ of rank r on S by Ishimura’s theorem [24].
Now note that the natural morphism ϕ : P → N is the blowing up of N along
π′
−1
(ψ(E)). Hence −KP is ϕ-ample, and ϕ is the contraction morphism of some
extremal ray R1 of NE(P ). Since L⊗ π∗OM (E) ∼= ϕ∗L′, we see that L′ is ample if
L⊗ π∗OM (E) is a good supporting divisor of ϕ. If E
′|ψ(E) is ample, then L
′|ϕ(E1)
is ample, where E1 denotes the exceptional divisor of ϕ. Since L is ample, it
follows from [15, (5.7)] that L′ is ample. Therefore we infer that E ′ is ample if
(1) or (2) holds. Finally, since we have τr = l(R), we see that KM + τ det E =
ψ∗(KS + τ det E ′). Hence KS + τ det E ′ is nef. Therefore we have τ(S, det E ′) ≤ τ
if E ′ is ample. 
Remark 6.3. If we have τ ≥ 1 in Theorem 6.2, we can relax the assumption
dimF (ψ) ≤ τr to the one dimF (ψ) − 1 < τr for any irreducible component F (ψ)
of any positive dimensional fiber of ψ; indeed, if we have dimF (ψ) − 1 < τr
then we have l(R) − τr < 1 by (6.1) above, and if we have τ ≥ 1 then inequal-
ity (5.2) in § 5 implies that τr = det E .C0 = l(R). Hence, again by (6.1), we have
τr = l(R) = dimF (ψ) since dimF (ψ)− 1 < τr.
Remark 6.4. If there is no assumption such as (1) or (2) in Theorem 6.2, the vector
bundle E ′ in Theorem 6.2 is not necessarily ample as the following example shows.
This is the reason why we attach the assumption such as (1) or (2) in Theorem 6.2.
These kinds of assumptions are overlooked in [4, Theorem 3.1]. The idea of showing
the ampleness of the tautological line bundle of E ′ by applying [15, Lemma (5.7)]
of Fujita has its origin in the proof of [35, Lemma (5.1)] of Lanteri and Maeda.
Example 6.5. Set F = O⊕qPp ⊕ OPp(−1), where p and q are positive integers
with p + q = n. Let f : S = P(F) → Pp be the projection, and C the section
corresponding to the quotient F → OPp(−1). Set B = (H(F) ⊗ f∗O(1))⊗2. Then
B is spanned but not ample since B ⊗OC ∼= OC . Let ψ : M → S be the blowing
up along C, and E the exceptional divisor of ψ. Set A = ψ∗B⊗O(−E). Note here
that A has the following expression:
A = ψ∗(H(F)⊗ f∗O(2))⊗ ψ∗H(F)⊗O(−E).
First we see that H(F) ⊗ f∗O(2) is ample and spanned. Second we claim that
ψ∗H(F)⊗O(−E) is spanned. The is because, since the image of the natural map
OS ⊗ H0(H(F)) → H(F) is IC ⊗ H(F) where IC is the ideal sheaf of C, we
have a surjection OM ⊗ H0(H(F)) → ψ∗H(F) ⊗ O(−E). Hence A is spanned.
Moreover A is strictly nef; if C is a curve contracted to a point by ψ then A.C =
−E.C > 0, and if C is a curve not contracted to a point by ψ then we see that
A.C ≥ (H(F) ⊗ f∗O(2)).ψ(C) > 0 by the above expression of A. Therefore A is
ample. Let E ′ = B⊕r and E = ψ∗E ′⊗O(−E). Then E = A⊕r and thus E is ample.
However E ′ is not ample.
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Theorem 6.6. Let M be an n-dimensional complex projective manifold, and E an
ample vector bundle of rank r on M . Let τ be the nef value of the polarized manifold
(M, det E). Suppose that τ ≥ 1. Let R be an extremal ray of NE(M) such that
(KM + τ det E).R = 0, and ψ : M → S the contraction morphism of R. Suppose
that ψ is divisorial; let E be the exceptional divisor of ψ. If l(R) = dimF (ψ)
for any irreducible component F (ψ) of any positive dimensional fiber of ψ, and
dimF (ψ) − 2 < τr ≤ dimF (ψ) − 1, then S is smooth, ψ is the blowing up along
a smooth variety ψ(E), 1 ≤ τ < 2, (l(R) − 2)/2 < r ≤ l(R) − 1, and E fits in the
following exact sequence
0→ ψ∗E ′ ⊗O(−2E)→ E → ψ′
∗
F ⊗OE(−E)→ 0,
where E ′ is a vector bundle of rank r on S, ψ′ the restriction of ψ to E, and F a
vector bundle of rank r − 1 on ψ(E).
Proof. First we see by Theorem 6.1 that S is smooth and that ψ : M → S is the
blowing up along a submanifold ψ(E) of S. Let F denote a positive dimensional
fiber of ψ; F is isomorphic to an l(R)-dimensional projective space. Let C0 be a
minimal extremal rational curve of R. We see that C0 is a line in F , i.e., C0 is a
smooth rational curve in F with −E.C0 = 1.
Since dimF−2 < τr ≤ dimF−1 and l(R) = dimF , we see that ⌊l(R)−τr⌋ = 1.
Since τ ≥ 1, it follows from (5.2) in § 5 that det E .C0 ≤ r + 1. On the other hand,
since τr ≤ dimF−1 < dimF = l(R) = τ det E .C0, we have r < det E .C0. Therefore
we have det E .C0 = r + 1. Hence τ(r + 1) = τ det E .C0 = l(R) = dimF , and thus
τr = dimF − τ . Substituting this equality to dimF − 2 < τr ≤ dimF − 1, we
obtain 1 ≤ τ < 2. This inequality together with dimF − 2 < τr ≤ dimF − 1
then implies that (dimF − 2)/2 < r ≤ dimF − 1. Since l(R) = dimF , we have
(l(R)− 2)/2 < r ≤ l(R)− 1.
Since C0 is a line in F and E is ample, det E .C0 = r + 1 implies that E|F is a
uniform vector bundle of type (1, . . . , 1, 2). Note here that since τ ≥ 1 we have
r ≤ τr ≤ dimF − 1. Hence we have E|F ∼= O(1)⊕(r−1) ⊕O(2) by Theorem 2.3 (2)
(or [44, Theorem 3.2.3] for a proof).
Set Lψ(E) = ψ
′
∗(E(2E)|E) and Mψ(E) = ψ
′
∗(Eˇ(−E)|E). Then Lψ(E) is a line
bundle on ψ(E) and Mψ(E) is a vector bundle of rank r − 1 on ψ(E). Moreover
E(2E)|E fits in the following exact sequence
0→ ψ′
∗
Lψ(E) → E(2E)|E → ψ
′∗Mˇψ(E) ⊗OE(E)→ 0.
Set F = Mˇψ(E). Let G be the kernel of the composite of the natural maps E(2E)→
E(2E)|E and E(2E)|E → ψ
′∗F ⊗OE(E): G fits in the following exact sequence
0→ G → E(2E)→ ψ′
∗
F ⊗OE(E)→ 0.
Since we have Tor
OM,x
i (k(x),OE,x) = 0 for all i ≥ 2 and all point x ∈ M , we see
that G is a vector bundle of rank r. As is seen in the diagram of [38, Theorem 1.3
(ii)], G fits in the following exact sequence
0→ E(E)→ G → ψ′
∗
Lψ(E) → 0.
Note that the natural map G → ψ′∗Lψ(E) factors as the composite of G → G|E and
G|E → ψ′
∗Lψ(E). Moreover we see, as in [38, Theorem 1.3 (ii)], that the kernel of
the map G|E → ψ
′∗Lψ(E) is equal to the cokernel ψ
′∗F of the map G(−E)→ E(E).
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Hence we obtain the following exact sequence
0→ ψ′
∗
F → G|E → ψ
′∗Lψ(E) → 0.
Thus we have G|F ∼= O⊕r. Therefore we have, by [24], G = ψ∗E ′ for some vector
bundle E ′ of rank r on S. This completes the proof of the theorem. 
Here we give a proof of Theorem 1.3 in case ψ is divisorial and l(R) = dimF (ψ)
for any irreducible component of any positive dimensional fiber of ψ. Let E be the
exceptional divisor of ψ. In this case, since n − 3 < τr, as we observed in § 5, we
have the following two cases by (5.3) in § 5:
1) dimF (ψ)− 1 < τr ≤ dimF (ψ);
2) n− 3 = dimF (ψ)− 2 < τr ≤ dimF (ψ)− 1.
In case 1), we apply Theorem 6.2 together with Remark 6.3 to see that τr =
dimF (ψ), that S is smooth, that ψ is the blowing up along a submanifold ψ(E) of
S, and that E ⊗ OM (E) ∼= ψ
∗E ′ for some vector bundle E ′ of rank r on S. Since
n− 3 < τr, we can divide this case 1) into the following two sub-cases:
a) dimF (ψ) = n− 1;
b) dimF (ψ) = n− 2.
If dimF (ψ) = n−1, then we infer that F (ψ) = E, and thus ψ contractsE to a point.
Hence, again by Theorem 6.2, we infer that E ′ is ample, and that τ(S, det E ′) ≤ τ .
Put M1 = S and E1 = E ′. We have τ(M1, det E1)r ≤ n − 1. As we noticed in § 5,
in order to obtain the case (12) of Theorem 1.3, we need to analyze the structure
of (M1, E1) in case τ(M1, det E1)r = n − 1. This is done in § 22.1, after we also
classified (M, E) with τr = n − 1 and ψ of fiber type. If dimF (ψ) = n − 2, put
M ′ = S. This is the case (27) of Theorem 1.3.
In case 2), we apply Theorem 6.6 to obtain the case (25) of Theorem 1.3; note
that, as can be seen from the proof of Theorem 6.6, τr = n− 2 implies that τ = 1,
and thus we have r = n− 2.
This completes the proof of Theorem 1.3 in case ψ is divisorial and l(R) =
dimF (ψ) for any irreducible component of any positive dimensional fiber of ψ.
Finally we give an example of the case (25) of the theorem, which is also the
simplest example of Theorem 6.6.
Example 6.7. Let M ′ be an n-dimensional projective manifold and ψ : M→M ′
be the blowing-up ofM ′ at a point p ofM ′. Denote by E the exceptional divisor of
ψ. By tensoring the pull back of a sufficiently ample line bundle L on M ′, we can
make ψ∗L⊗O(−E) and ψ∗L⊗O(−2E) be ample. Let E be ψ∗L⊗(O(−E)⊕(n−3)⊕
O(−2E)). Then (M, E) gives an example of the case (25) of Theorem 1.3.
7. The case ψ is divisorial and l(R) < dimF (ψ)
Let R, C0, ψ :M → S be as in § 5. In this section we give a proof of Theorem 1.3
in case ψ is divisorial and n−3 < τr ≤ l(R) < dimF (ψ) ≤ n−1 for some irreducible
component F (ψ) of some positive dimensional fiber of ψ. In this case, we have
l(R) = n− 2 and dimF (ψ) = n− 1. Hence F (ψ) is the exceptional divisor E of ψ.
Since ⌊l(R)− τr⌋ = 0 and τ ≥ 1, we have r = det E .C0 by (5.2) in § 5 as we have
seen in § 5.
Here, since l(R) = n− 2, we come to apply the following theorem of Andreatta
and Occhetta [6, Theorem 5.2].
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Theorem 7.1. Let M be an n-dimensional complex projective manifold, R an
extremal ray of NE(M), and ψ : M → S the contraction morphism of R. Suppose
that ψ is divisorial, and denote by E the exceptional divisor of ψ. If l(R) = n− 2,
then one of the following cases occur:
(1) S is smooth and ψ is the blowing up along a smooth curve ψ(E);
(2) ψ(E) is a point and (E,OE(−E)) ∼= (Pn−1,O(2));
(3) ψ(E) is a point and (E,OE(−E)) ∼= (Qn−1,O(1)), where Qn−1 is a possibly
singular quadric.
Since F (ψ) = E, we see that we are in the cases (2) and (3) of Theorem 7.1.
Moreover we have E|E ∼= O(1)⊕r by Theorem 2.3 (1) in the case (2) and by [51,
Lemma 3.6.1] in the case (3), since det E .C0 = r for a line C0 in E. These are the
cases (a) and (b) of (26) of Theorem 1.3.
8. Setup and strategy for the case dimS = 0
As in § 5, denote by R an extremal ray of NE(M) such that (KM+τ det E).R = 0,
by C0 a minimal extremal rational curve in R, and by ψ : M → S the contraction
morphism of R. As we stated in § 5, we assume that dimS = 0 in this section, and
give the setup and the strategy to deal with the case dimS = 0.
Let P be the projective space bundle P(E) over M , π : P→M the projection,
and L the tautological line bundle H(E).
Suppose that −KP is ample in this section. Note here that if τ ≥ 1 then −KP
is ample; indeed, if τ ≥ 1, we have (KM + det E).R ≤ 0. Since dimS = 0, this
implies that −(KM +det E) is nef, so that −π∗(KM +detE) is nef. Therefore −KP
is ample because L is ample.
Since the Picard number ρ(P ) is two, this implies that NE(P ) is spanned by two
extremal rays Rpi and R1, where Rpi is the ray corresponding to π : P→M and R1
is the other ray. Let ϕ : P→N be the contraction morphism of R1.
Let F (ϕ) be any irreducible component of any positive dimensional fiber of ϕ.
The following lemma due to Ye and Zhang [54] and Peternell [46] is the first key
observation to the study of ϕ.
Lemma 8.1. The induced morphism π|F (ϕ) is finite. In particular, dimF (ϕ) ≤ n.
Proof. Since any curve in F (ϕ) is contracted by ϕ, it (or, strictly speaking, its
numerical equivalence class) belongs to R1, and does not belong to Rpi. Therefore
it is not contracted by π. Hence π|F (ϕ) is finite and dimF (ϕ) = dimπ(F (ϕ)) ≤
dimM = n. 
Combining Lemma 8.1 and Theorem 2.1 (1), we have
l(R1) ≤ lx(F (ϕ)) ≤ dimF (ϕ) + 1− codim(E(R1), P )
≤ n+ 1− codim(E(R1), P ).
(8.1)
This inequality gives an upper bound of l(R1).
Let C1 ⊂ P be a minimal extremal rational curve of R1. Since ψ(π(C1)) is a
point, π(C1) belongs to R, and therefore (KM + τ det E).π(C1) = 0. Hence we have
l(R1) = −KP .C1 = rL.C1 + (τ − 1) det E .π∗(C1).
We will use the following terminology.
Definition 8.2. Let P be a projective manifold, and C′1 a rational curve on P .
We will say, for simplicity, that C′1 is unsplit if every maximal family F → S,
CLASSIFICATION OF GENERALIZED POLARIZED MANIFOLDS 19
S ⊆ Chow(P ), of rational curves on P containing C′1 as a closed fiber (see [10,
p.19]) is unsplitting. In other words, C′1 is unsplit if and only if C
′
1 cannot be
effectively algebraically equivalent (see [32, p.121–122] for the definition) to a sum
Σδi=1Di of δ (δ ≥ 2) rational curves Di, some of which may equal.
Now we note the following lemma.
Lemma 8.3. Let C′1 be an unsplit rational curve on P with π(C
′
1) a curve. Then
every quotient line bundle of E⊗OC˜′1
has degree at least L.C′1, where C˜
′
1 → C
′
1 is the
normalization and E ⊗OC˜′1
denotes (π∗E)|C′1⊗OC˜′1
for simplicity. In particular, we
have det E .π∗(C′1) ≥ rL.C
′
1, and equality holds if and only if E ⊗OC˜′1
∼= O(L.C′1)
⊕r.
Proof. Since π(C′1) is a curve, we see that C˜
′
1 → C
′
1 → π(C
′
1) →֒ M is finite.
Therefore the induced morphism P ×M C˜
′
1 → P is finite. Note that P ×M C˜
′
1 → C˜
′
1
has the section corresponding to the quotient E ⊗ OC˜′1
→ LC′1 ⊗ OC˜′1
. Denote by
D′ the section. Since C′1 is unsplit and P ×M C˜
′
1 → P is finite, we infer that D
′ is
also unsplit in P ×M C˜
′
1. Now the next Lemma 8.4 implies that the quotient line
bundle E ⊗ OC˜′1
→ LC′1 ⊗OC˜′1
has the minimal degree among all the quotient line
bundles of E ⊗ OC˜′1
. Therefore we have det E .π∗(C′1) = deg E ⊗ OC˜′1
≥ rL.C′1. 
Lemma 8.4. Let F = ⊕ri=1O(di) be a vector bundle of rank r on P
1, where d1 ≤
d2 ≤ · · · ≤ dr are integers. Let D′ be a section of the projection π : P(F) → P1
corresponding to a quotient F → O(d). If d > d1, then D′ is effectively rationally
equivalent to D + (d − d1)l, where D is the section corresponding to the minimal
quotient F → O(d1) and l is a line in a fiber of the projection π. (See [32, Definition
(4.1.4)] for the definition of effective rational equivalence.) In particular, if D′ is
unsplit, then d = d1.
Proof. Suppose that d > d1. Since D
′ defines a section s′ of H0(Fˇ(d)) such that
(s′)0 = ∅, the assumption d > d1 implies that d− d2 ≥ 0. Take s1 ∈ H0(O(d− d1))
and s2 ∈ H
0(O(d−d2)) such that (s1)0∩(s2)0 = ∅. Let s
′′ be a section of H0(Fˇ(d))
such that s′′ = (s1, s2, 0, . . . , 0). Then s
′′ defines a section D′′ of π. Let Vˇ be the
linear subspace of H0(Fˇ(d)⊕Fˇ(d)) spanned by (s′, 0) and (0, s′′), and V the dual of
Vˇ . The injection OP1⊗ Vˇ → Fˇ(d)⊕Fˇ(d) = Fˇ(d)⊗ Vˇ as vector bundles induces the
surjection F⊗V → O(d)⊗V . Hence we have a family P1×P(V ) ⊂ P(F)×P(V ) over
a projective line P(V ), which has D′ as a fiber and D′′ as another fiber. Therefore
D′′ is rationally equivalent to D′. Note here that we can regard both D and D′′ as a
section on a ruled surface P(O(d1)⊕O(d2)), and we see thatD ∈ |H(O(d1−d2)⊕O)|
and that D′′ ∈ |H(O(d − d2) ⊕ O(d − d1)| since D′′ corresponds to the quotient
O(d1) ⊕ O(d2) → O(d). Hence D + (d − d1)l and D′′ are linearly equivalent on
the ruled surface, where l is the fiber of the projection P(O(d1) ⊕ O(d2)) → P1.
Therefore D′ is rationally equivalent to D + (d− d1)l. 
Corollary 8.5. Let C′1 be an unsplit rational curve on P with π(C
′
1) a curve. Then
C′1 → π(C
′
1) is birational.
Proof. Set C′0 = π(C
′
1), and let C˜
′
1 → C
′
1 and C˜
′
0 → C
′
0 be the normalizations.
Denote by d the degree of the map C′1 → C
′
0. As we saw in the proof of Lemma 8.3,
C˜′1 → P induces an unsplit section D
′ of P ×M C˜′1 → C˜
′
1, and by Lemma 8.4 we
see that D′ is a minimal section of P ×M C˜′1 → C˜
′
1, i.e., a section corresponding
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to a quotient line bundle of E ⊗ O
C˜′1
of minimal degree. Note here that minimal
sections of P ×M C˜′1 → C˜
′
1 and minimal sections of P ×M C˜
′
0 → C˜
′
0. are in one-to-
one correspondence via the pull back by C˜′1 → C˜
′
0; let D
′
0 be the minimal section
of P ×M C˜′0 → C˜
′
0 corresponding to D
′. Here we see that the image of D′ by
P ×M C˜′1 → P is C
′
1 by the definition of D
′. Hence the image of D′0 in P is C
′
1.
Thus the image of D′ in P as a cycle is dC′1. We see also that D
′ → C′1 is birational
by the definition of D′. Therefore we have d = 1. 
Note here that a minimal extremal rational curve C1 is unsplit; Lemma 8.3 then
implies that
l(R1) = −KP .C1 = rL.C1 + (τ − 1) det E .π∗(C1)
= rL.C1 + (τ − 1)(rL.C1 + α)
= τrL.C1 + (τ − 1)α,
(8.2)
where we set det E .π∗(C1) = rL.C1+α for some non-negative integer α. This gives
an an lower bound of l(R1) in case τ ≥ 1 as follows:
l(R1) = τrL.C1 + (τ − 1)α
≥ τrL.C1.
(8.3)
Here we pose the following problem:
Problem 8.6. Is π(C1) always a minimal extremal rational curve in R ?
If we answer affirmatively to Problem 8.6, we have the following relation between
l(R1) and l(R).
Proposition 8.7. If π(C1) is a minimal extremal rational curve in R, then we have
l(R1) + α = l(R), where we set det E .π(C1) = rL.C1 + α for some non-negative
integer α as above. In particular we have l(R1) ≤ l(R).
Proof. First we have π∗(C1) = π(C1) by Corollary 8.5. Second if π(C1) is a minimal
extremal rational curve in R, we have −KM .π(C1) = l(R). Hence we have l(R1) =
−KP .C1 = rL.C1 −KM .π(C1)− det E .π(C1) = l(R1)− α. 
The idea of comparison of C1 of R1 and C0 of R stems from [48, Compar-
ison Lemma (3.1)]: Peternell-Szurek-Wi´sniewski gave an affirmative answer to
Problem 8.6 in case r = n − 1 ≥ 4 and KM + det E = 0 (i.e., τ = 1). Very
roughly speaking, their strategy to the affirmative answer is as follows: since
n + 1 ≥ −KM .C0 = det E .C0 ≥ r = n − 1, if n − 1 = r ≥ 3, E ⊗ OC˜0 has
O(1) as quotient, where C˜0 → C0 is the normalization. Corresponding to this quo-
tient O(1), there is a rational curve C′1 ⊂ P dominating C0 such that L.C
′
1 = 1.
Here it is clear but important that C′1 is unsplit since L.C
′
1 = 1. Considering some
deformation family of C′1, they show that if n ≥ 5 there exists a rational curve
effectively algebraically equivalent to C′1 and contracted by ϕ. The property of the
contraction morphism then implies that C′1 belongs to R1. Since L.C
′
1 = 1, this
implies that C′1 is a minimal extremal rational curve of R1, i.e., C
′
1 = C1. Hence
π(C1) = C0.
In § 9, we extend the above argument of [48, Comparison Lemma (3.1)] to our
case. Here we do not restrict ourselves to consider the deformation family of rational
curve C′1 such that π(C
′
1) = C0 and that L.C
′
1 = 1, but we consider the deformation
family of rational curve C′1 dominating a minimal extremal rational curve of R on
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M such that L.C′1 takes the minimum value among all such values, namely, among
all the values L.D where D ⊂ P is a rational curve dominating a minimal extremal
rational curve of R onM . This is one of the key points of this paper. Then we show
in Lemma 9.1 that the rational curve C′1 chosen in this way is also unsplit. This
observation is easy but plays a crucial role in Lemma 9.2. In fact, in Lemma 9.2,
we will consider some deformation family of unsplit rational curve C′1 dominating
C0, and we do not assume the minimality of L.C
′
1. Except for the points mentioned
above, Lemma 9.2 is nothing but a reformulation of [48, Comparison Lemma (3.1)]
in our setting. Lemma 9.2 gives a sufficient condition for R1 to contain an unsplit
rational curve C′1 dominating C0, and in fact gives a sufficient condition for the
affirmative answer to Problem 8.6. Indeed we have the following.
Lemma 8.8. Suppose that R1 contains an unsplit rational curve C
′
1 dominating a
minimal extremal rational curve C0 of R. Then C
′
1 is a minimal extremal rational
curve in R1, i.e., we may assume that C
′
1 = C1, and thus we have π(C1) = C0.
Proof. Since C1 and C
′
1 are numerically propositional, we have C1 = µC
′
1 for some
positive real number µ. We have µ ≤ 1 by the minimality of C1. Since both C1 and
C′1 are unsplit, Corollary 8.5 implies that π∗(C1) = π(C1) and that π∗(C
′
1) = π(C
′
1).
Hence we have π(C1) = µπ(C
′
1) = µC0. Here we see that µ ≥ 1 by the minimality
of C0. Therefore we have µ = 1, namely, C
′
1 can be regarded as a minimal extremal
rational curve C1. 
In § 10, we will apply Lemma 9.2 to the case l(R1) = n + 1 to obtain Proposi-
tion 10.1. In § 11, we will apply Lemma 9.2 to the case l(R1) = n. In this case, we
will give an affirmative answer Corollary 11.1 to the problem 8.6 under the addi-
tional assumptions that L.C1 = 1 and that τ ≥ 1. I have not succeeded in removing
these additional assumptions. So we will assume that τ ≥ 1 in the following, and
we will divide the case according to the value of L.C1.
In § 12, we will deal with the case L.C1 ≥ 2 and τr ≥ n − 2. In § 13, we recall
some preliminaries to deal with the following cases.
If L.C1 = 1, we have the following advantage: we have (KP + l(R1)L).C1 = 0 for
an ample line bundle L. Hence to investigate the property of (P,L) via ϕ becomes
much easier, in general, than to investigate the property of (M, E) via ψ. Therefore
we study the structure of ϕ first; this strategy and idea stem from Ye-Zhang [54] and
Peternell [46]. If τr > n− 3, we have l(R1) ≥ n− 2 by (8.3) above. We will divide
the case L.C1 = 1 according to the value of l(R1). We will give the classification
in case l(R1) = n in § 14, based on the affirmative answer Corollary 11.1 to the
problem 8.6. In § 15 and § 16, we prove some results needed to deal with the case
l(R1) ≤ n−1. In § 17, we will apply Lemma 9.2 to the case l(R1) = n−1 to obtain
an affirmative answer Corollary 17.1 to the problem 8.6 under some conditions.
Then applying Corollary 17.1 we will give the classification in case l(R1) = n − 1
in § 18. Finally we will deal with the case l(R1) = n− 2 in § 19.
9. Comparison Lemma
Let M be an n-dimensional Fano manifold with PicM ∼= Z, and E an ample
vector bundle of rank r on M . Denote by τ the nef value of the polarized manifold
(M, det E). Let R, π : P → M , L, R1, C1, ϕ : P → N be as in the common setup
§ 8. In particular, we assume that −KP is ample in this section.
The following observation is one of the key points of this paper.
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Lemma 9.1. Let λ be the smallest integer among L.C′1’s, where C
′
1 moves among
rational curves dominating minimal extremal rational curves in R. By abuse of
notation, denote by C′1 a rational curve dominating a minimal extremal rational
curve in R and attaining the number λ: L.C′1 = λ. Then C
′
1 is unsplit.
Proof. Suppose, to the contrary, that C′1 is effectively algebraically equivalent to
a sum Σδi=1Di of δ (δ ≥ 2) rational curves Di, some of which may equal. Then
π∗(C
′
1) is effectively algebraically equivalent to Σ
δ
i=1π∗(Di).
We claim here that C′1 → π(C
′
1) is birational. Let
˜π(C′1) → π(C
′
1) be the
normalization. We see that E ⊗O ˜pi(C′1)
decomposes into a direct sum of line bundles
of degree ≥ λ by the minimality of λ. Let d be the degree of the morphism
C′1 → π(C
′
1), and C˜
′
1 → C
′
1 the normalization. Since the induced map C˜
′
1 →
˜π(C′1)
has degree d, we infer that E ⊗ OC˜′1
is a direct sum of line bundles of degree
≥ dλ. Therefore every section of P(E ⊗ OC˜′1) → C˜
′
1 has degree ≥ dλ with respect
to the tautological line bundle. On the other hand, C′1 ⊂ P defines a section of
P(E ⊗ OC˜′1)→ C˜
′
1, which we also denote by C˜
′
1 by abuse of notation, such that C˜
′
1
has degree λ with respect to L. Hence we conclude that d = 1.
Note here that π(C′1) is unsplit, since π(C
′
1) is a minimal extremal rational curve.
Therefore the claim above implies that except for one rational curve, say π(D1),
every π(Di) is a point, that D1 → π(D1) is birational, and that π(D1) is also a
minimal extremal rational curve. Now we see that L.D1 < λ since δ > 1 and L is
ample. This contradicts the minimality of λ. 
The following lemma plays a crucial role in the study of the case dimS = 0; it
is an extension of [48, Comparison Lemma (3.1)].
Lemma 9.2. Let C′1 be an unsplit rational curve on P with π(C
′
1) a minimal
extremal rational curve in R. Set C0 = π(C
′
1). Let T
′ be the connected component
of the Hom scheme Hombir(P1, P ) containing the normalization P1 = C˜′1 → C
′
1 ⊂
P . Let T˜ ′ be the normalization of T ′ and T the image of T˜ ′ via the morphism
Homnbir(P
1, P ) → RatCurvesn(P ) (see [32, I. (6.9), II. (2.11), and II. (2.15)] for
the morphism Homnbir(P
1, P )→ RatCurvesn(P ) and the notation). Note that T is
proper since C′1 is unsplit. Let V → T be the universal family, i.e., the restriction
of Univrc(P ) → RatCurvesn(P ), which is P1-bundle by [32, II. (2.12)]. Let p :
V →֒P × T→P and q : V →֒P × T→T be the canonical projections. Pick a point
x ∈ C0 and fix it. Let Tx denote an irreducible component of q((π ◦ p)−1(x))
containing [C′1], and Vx denote q
−1(Tx). Note that Tx is proper since T is so. We
also denote by px and qx the projections Vx→P and Vx→Tx respectively. We see
that qx is P1-bundle since q is so. Set
t = min{dimTi |Ti is an irreducible component of T containing [C
′
1]}.
Note that Lemma 8.3 enables us to set det E .π∗(C′1) = rL.C
′
1 + α
′ for some non-
negative integer α′. Then we have the following.
(1) If ϕ has an n-dimensional fiber, then ϕ contracts C′1, i.e., C
′
1 is an unsplit
rational curve belonging to R1.
(2) If dim px(Vx) ∩ F ≥ 1 for some positive dimensional fiber F of ϕ, then ϕ
contracts C′1.
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(3) If px(Vx) ∩ F 6= ∅ for some positive dimensional fiber F of ϕ, we have
dim px(Vx) ∩ F ≥ dim px(Vx) + dimF − dimP ≥ dim px(Vx) + l(R1)− 1 +
codim(E(R1), P )− dimP .
(4) We have dim px(Vx) = dim Vx.
(5) We have dimVx ≥ t + 2 − n and t ≥ τrL.C
′
1 + (τ − 1)α
′ + dimP − 3. If
τ ≥ 1, we have therefore t ≥ τrL.C′1 + dimP − 3.
Proof. (1) If ϕ has n-dimensional fibers, then ϕ contracts some curve dominating
C0. On the other hand, we see, by Lemma 8.3, that the quotient bundle LC′1⊗OC˜′1
of π∗(E)C′1 ⊗ OC˜′1
has the minimal degree among all quotient bundles, since C′1 is
unsplit with π(C′1) = C0 a curve. Therefore if ϕ contracts some curve dominating
C0, then ϕ contracts C
′
1.
(2) Suppose that px(Vx) ∩ F contains a curve. We will show that some curve
in px(Vx) ∩ F corresponds to a point in Tx. If this claim holds, we may take as
C′1 the curve in px(Vx) ∩ F so that we infer that C
′
1 is contracted by ϕ. Suppose,
to the contrary, that there is no curve in px(Vx) ∩ F which corresponds to a point
in Tx, i.e., that no curve in p
−1
x (F ) is contracted by qx. Let B
′
1 be an irreducible
closed curve in p−1x (F ), and let B
′ be the image qx(B
′
1) in Tx. Since no curve
in p−1x (F ) is contracted by qx, we see that B
′ is a curve. Let B → B′ be the
normalization. Note that B is proper since Tx is so. Set S = Vx ×Tx B. We see
that the projection S → B is P1-bundle since qx is so. We have N1(S) ∼= R2. Let
B1 be the image in S of the normalization B˜′1 of B
′
1. First look at the morphism
S → P → N . We see that the image of B1 in P is contained in F so that it
is contracted by ϕ. Since no curve in p−1x (F ) is contracted by qx, we infer that
the image in P of any fiber of S → B intersects F but does not contained in F .
Hence the image in P of any fiber of S → B does not contracted by ϕ. Therefore
we have NE(S) = R≥0[B1] + R≥0[a fiber of S → B]. Next look at the morphism
S → P →M . Since F → π(F ) is finite by Lemma 8.1, the image in P of B1, which
is contained in F , does not contracted by π. Note here that the image in P of any
fiber of S → B is numerically equivalent to C′1, which does not contracted by π.
Hence we infer, by the property of the contraction morphism π of an extremal ray
Rpi, that the image in P of any fiber of S → B does not contracted by π. This
implies that the pull back of an ample line bundle on M defines a positive function
on NE(S). Therefore S → M is finite. On the other hand, the image in M of any
fiber of S → B passes through x, so that S → M is not finite over x. This is a
contradiction. This completes the proof of (2).
(3) Since P is smooth, we see that dim px(Vx)∩F ≥ dim px(Vx)+dimF −dimP
if px(Vx)∩F 6= ∅. We apply (8.1) in § 8 to see that dim px(Vx) + dimF − dimP ≥
dim px(Vx) + l(R1)− 1 + codim(E(R1), P )− dimP .
(4) We will show more precisely that Vx \ (π ◦ p)−1(x) → px(Vx) \ π−1(x) is
finite. Suppose to the contrary that we could find a curve B′1 ⊂ Vx \ (π ◦ p)
−1(x)
over a point y ∈ px(Vx) \ π−1(x). Set B′ = qx(B′1) ⊆ Tx. Since the image in P
of any fiber of qx : Vx → Tx is numerically equivalent to C′1, we see, by the same
reason as in (2), that the image of any fiber of qx is not contracted by π. Hence we
infer that B′ is a curve. Let B→B′ be the normalization, and set S = Vx ×Tx B.
Denote by B1 the image in S of the normalization B˜′1 of B
′
1. Note here that
Vx \ (π ◦ p)−1(x) → px(Vx) \ π−1(x) is proper since Tx is so. Therefore B is also
proper. Now look at the morphism α : S → P . We see that α(S) is a surface and
that the image by α of any fiber of the P1-bundle S → B passes through y. Moreover
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we infer that y is the only fixed point of the family of rational curves defined as the
images of the fibers of S → B, since B is proper. Therefore dimα(S)∩ π−1(x) = 1
since y /∈ π−1(x). Now that N1(S) ∼= R2 and that α contracts B1, we see that
N1(α(S)) ∼= R1. Since π contracts all curves in α(S) ∩ π−1(x), this implies that π
contracts all α(S), i.e., that π(α(S)) is a point. This however contradicts π(y) 6= x.
(5) We have dimVx = dimTx + 1. First we see by the same reason as stated in
(4) that the image of any fiber of q is not contracted by π. Hence there exists no
rational curve contracted by q in (π ◦ p)−1(x). This implies that Tx has dimension
equal to the corresponding irreducible component of (π ◦ p)−1(x). Note here that
any irreducible component of V containing q−1([C′1]) has dimension at least t+ 1.
Hence every irreducible component of dim(π ◦ p)−1(x) has dimension ≥ t+ 1 − n;
thus we have dimTx ≥ t+ 1− n. Therefore we have dim Vx ≥ t+ 2− n.
Next we have t ≥ −KP .C
′
1 + dimP − dimPGL(2,C). Since C
′
1 is unsplit, it
follows from Lemma 8.3 that
−KP .C
′
1 = rL.C
′
1 + (τ − 1) det E .π∗(C
′
1)
= rL.C′1 + (τ − 1)(rL.C1 + α
′)
= τrL.C′1 + (τ − 1)α
′.
Therefore we have t ≥ τrL.C′1 + (τ − 1)α
′ + dimP − 3. 
Corollary 9.3. If τ ≥ 1, τr ≥ (n + 3)/2, and ϕ is of fiber type, then π(C1) is a
minimal extremal rational curve in R. In particular, we have l(R) ≥ l(R1).
10. The case l(R1) = n+ 1
Let M , E , ψ : M → S, and C0 be as in § 2. Suppose that dimS = 0. Let
π : P →M and L be as in § 8, and suppose that −KP is ample. Let R1, ϕ : P → N ,
and C1 be as in § 8. Then we have the following.
Proposition 10.1. If l(R1) = n+1, then (M, E) ∼= (Pn,O(l)⊕r) for some positive
integer l.
Proof. Since l(R1) = n + 1, inequality (8.1) in § 8 implies that ϕ is of fiber type
and that every fiber of ϕ is n-dimensional. Then Lemmas 9.2 (1) and 8.8 implies
that π(C1) = C0. Therefore we have l(R) = l(R1) + (det E .C0 − rL.C1) ≥ l(R1)
by Lemma 8.7. Since l(R) ≤ n+ 1 by (2.1) in § 2 and l(R1) = n+ 1, this implies
that l(R) = n+ 1 and rL.C1 = det E .C0. Theorem 2.2 then implies that M ∼= Pn;
thus C0 is a line in Pn. Lemmas 8.3 and 8.5 also implies that E|C0 ∼= O(L.C1)
⊕r.
Set l = L.C1. Then E is a uniform vector bundle of type (l, . . . , l), so that we have
E ∼= O(l)⊕r by Theorem 2.3 (1). 
11. Comparison Lemma for l(R1) = n
In this section, we will follow the notation in § 9.
Corollary 11.1. Suppose that τ ≥ 1, that l(R1) = n, that L.C1 = 1, and that ϕ
has no n-dimensional fibers. Then π(C1) is a minimal extremal rational curve in
R.
Proof. By Lemma 8.8, it is enough to show that there exists an unsplit rational
curve C′1 belonging to R1 and dominating a minimal extremal rational curve in R.
Assume, to the contrary, that there does not exist such a curve. By abuse of
notation, denote by C′1 an unsplit rational curve dominating a minimal extremal
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rational curve C0 in R, whose existence is guaranteed by Lemma 9.1. Then C
′
1 does
not belong to R1, i.e., ϕ does not contract C
′
1, by assumption. Note here that ϕ is
of fiber type and that every fiber of ϕ is (n− 1)-dimensional by inequality (8.1) in
§ 8, since l(R1) = n and ϕ has no n-dimensional fibers. Lemma 9.2 (2), (3), (4),
and (5) then implies that
0 ≥ dim px(Vx) ∩ F ≥ dim px(Vx)− r
≥ τrL.C′1 + (τ − 1)α
′ − 2
≥ τrL.C′1 − 2,
since τ ≥ 1. Hence we have 2 ≥ τrL.C′1 ≥ τr ≥ r. Note here that r ≥ 2 since
ϕ has no n-dimensional fibers. Therefore we see that r = 2, that τ = 1, and that
L.C′1 = 1. Since L.C1 = 1, it follows from (8.3) in § 8 that n = l(R1) = 2L.C1 = 2.
Hence M is a Del Pezzo surface with Picard number one. Thus we have M ∼= P2
by the classification of Del Pezzo surfaces. Now we have det E ∼= O(3). Since E is
ample, Theorem 2.3 implies that E ∼= O(1) ⊕O(2) or TP2. In these cases, C1 is an
unsplit rational curve belonging to R1 and dominating a minimal extremal rational
curve in R. This contradicts the assumption. 
12. The case where L.C1 ≥ 2.
Let M , E , ψ : M → S, C0, π : P → M , and L be as in § 8. In particular, we
assume that dimS = 0. Suppose that τ ≥ 1, and let R1, C1, and ϕ : P → N be as
in § 8. In this section, we will deal with the case L.C1 ≥ 2.
We assume τr ≥ n−2 in this section. Since τ ≥ 1, it follows from inequality (8.3)
in § 8 that l(R1) ≥ τrL.C1. On the other hand, we have an upper bound l(R1) ≤
n+ 1 by inequality (8.1) in § 8. Hence we have
(12.1) r(L.C1 − 1) ≤ τr(L.C1 − 1) ≤ l(R1)− τr ≤ 3,
since τ ≥ 1. In particular, we see that r ≤ 3 if l(R1) = n + 1, that r ≤ 2 if
l(R1) = n, and that r = 1 if l(R1) = n− 1.
Suppose that l(R1) = n + 1. Then (M, E) ∼= (Pn,O(l)⊕r), where l = L.C1, by
Proposition 10.1. Therefore τr = (n+1)/l. Since τr ≥ n−2, we have n+1 ≥ l(n−2),
i.e., 2l + 1 ≥ (l − 1)n. Since l = L.C1 ≥ 2, we have
(12.2) 2 +
3
l − 1
≥ n.
Since τ ≥ 1, we also have n+ 1 = τrl ≥ rl, i.e.,
(12.3) n ≥ rl − 1.
Suppose moreover that r = 3. We have L.C1 = 2, τ = 1, and τr = n − 2 by
(12.1). Thus n = 5. Hence we have (M, E) ∼= (P5,O(2)⊕3). This is a special case
of the case (17) of Theorem 1.3.
Suppose moreover that r = 2. We have L.C1 = 2 and n − 1 ≥ τr by (12.1).
Thus n ≥ 3. Moreover we have n ≤ 5 by (12.2). Therefore (M, E) ∼= (Pn,O(2)⊕2),
where 3 ≤ n ≤ 5. This is a special case of the case (14) of Theorem 1.3.
Suppose moreover that r = 1. We have 2 ≤ L.C1 ≤ 4 by (12.1). Hence inequal-
ities (12.2) and (12.3) imply that (M, E) is isomorphic to either of the following;
a) (P3,O(4));
b) (Pn,O(3)) (n = 2, 3);
c) (Pn,O(2)) (1 ≤ n ≤ 5).
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The case a), b), or c) is, respectively, a special case of the case (17), (13), or (4) of
Theorem 1.3.
Suppose that l(R1) = n.
Suppose moreover that r = 2. It follows from (12.1) above that L.C1 = 2, that
τ = 1, and that τr = n− 2. Thus n = 4. This is a special case of the case (18) of
Theorem 1.3.
Suppose moreover that r = 1. We have L.C1 = 2 or 3 by (12.1) above. Set
e = det E .C0 = L.C1. Since n − 2 ≤ τr ≤ τe = l(R) = l(R1) = n, we have
(n− 2)e ≤ n. Hence we have (e− 1)n ≤ 2e = 2(e− 1) + 2, and thus
n ≤ 2 +
2
e − 1
.
On the other hand, we have e ≤ τe = n. Hence we have n = 3 if e = 3 and
2 ≤ n ≤ 4 if e = 2. If (n, e) = (3, 3) or (4, 2), we have KM + (n − 2)E = 0, and
this is a special case of the case (17) of Theorem 1.3. If (n, e) = (3, 2), setting
A = −(KM + E), we see that KM + 3A = 0. Theorem 2.4 (2) then implies that
(M,A) ∼= (Q3,O(1)). Thus we have E ∼= O(2). This is a special case of the case
(15) of Theorem 1.3. If (n, e) = (2, 2), M is a Del Pezzo surface with ρ(M) = 1,
and thus M ∼= P2 by the classification. This contradicts l(R) = n. Hence this case
does not occur.
Suppose that l(R1) = n − 1. Then it follows from (12.1) that L.C1 = 2, that
r = 1, that τ = 1, and that τr = n − 2. Hence we have n = 3. Therefore we have
KM + L = 0. This is a special case of the case (17) of Theorem 1.3.
13. Preliminaries for the case dimS = 0
In this section, we will recall some of the results in [54], [17], and [48] in the form
useful in the following context.
First recall a remarkable argument in [48, §4]; since the statement (2) in the
following lemma is not stated in this form in [48, §4], we attach its proof. We also
make a little modification applicable to a Brauer-Severi scheme, i.e., a projective
space bundle in the e´tale topology.
Lemma 13.1. Let P be a Fano manifold, and suppose that NE(P ) has two different
extremal rays Rpi and R1. Let π : P →M be the contraction morphism of Rpi, and
ϕ : P → N that of R1. Suppose that every closed fiber of π is isomorphic to Pr−1,
and that M is an n-dimensional Fano manifold of Picard number one. If ϕ has an
n-dimensional closed fiber ϕ−1(z), then f :W → Az denoting the normalization of
an n-dimensional irreducible component Az of ϕ
−1(z), the composite (π|Az ) ◦ f :
W →M of π|Az and f is an isomorphism.
Proof. First note that (π|Az ) ◦ f : W → M is finite by Lemma 8.1. Moreover it is
surjective since dimW = n = dimM . Let T be the singular locus of W and S the
image of T via (π|Az )◦f . We show first that (π|Az )◦f is not ramified overM \S; let
h : W \((π|Az)◦f)
−1(S)→M \S be the restricted morphism and R the ramification
divisor of h. Since (π|Az ) ◦ f is finite and surjective, S has codimension ≥ 2 in M ;
noting PicM ∼= Z, we can apply [33, Lemma 2] and find out that a general extremal
rational curve C does not meet S. We may also assume that C is not contained in
h(R); since PicM ∼= Z and C ∩ S = ∅, we see that C ∩ h(R) is a finite set and not
empty if R is not. A fiber of h over a point in C∩h(R) consists of fewer points than
a fiber of h over a point in C \h(R) does. On the other hand, any morphism from a
CLASSIFICATION OF GENERALIZED POLARIZED MANIFOLDS 27
rational scroll, morphism which is not finite and does not contract any fiber of the
projection of the scroll, has a positive dimensional fiber consisting of a disjoint union
of sections and isolated points. Let P1 →M be the composite of the normalization
P1 → C and the inclusion C →֒ M . Then P1 ×M P → P1 is a scroll, i.e., a
Pr−1-bundle in the Zariski topology, since H2(P1,O×) = 0. Hence the function
C ∋ x 7→ #{π−1(x) ∩ Az} is upper-semicontinuous on C. Thus C ∋ x 7→ #h−1(x)
is also upper-semicontinuous, and therefore R is empty. Hence h is e´tale.
By the purity of the branch locus, (π|Az )◦f is also e´tale andW is smooth. Since
M is simply connected by [34], we infer that (π|Az )◦f is birational; by Zariski Main
Theorem, we conclude that (π|Az ) ◦ f is an isomorphism. 
The following lemma is a slight modification of [48, Prop. 4.2].
Lemma 13.2. Let M be a Fano manifold of Picard number one, and E an ample
vector bundle of rank r on M . Denote by P the projective space bundle P(E), by
π : P → M the projection, and by L the tautological line bundle H(E). Let Rpi
be the extremal ray corresponding to π. Suppose that there exists a contraction
morphism ϕ : P→N of an extremal ray R1 different from Rpi, and that general
fibers of ϕ have dimension < n, and that ϕ has also an n-dimensional fiber ϕ−1(z).
(1) If −KP − (n− 1)L is ϕ-nef, then M ∼= Pn or Q.
(2) Moreover if −KP − nL is ϕ-nef, then M ∼= Pn.
Proof. As in Lemma 13.1, let f : W → Az denote the normalization of an n-
dimensional irreducible component Az of ϕ
−1(z). Then W ∼= M by Lemma 13.1
and thus W is smooth. Hence we have hn(W, tf∗(L|Az)) = 0 for all t ≥ −(n − 1)
by [54, Lemma 4], since −KP − (n − 1)L is ϕ-nef. By Kodaira vanishing we
also have hi(W, tf∗(L|Az)) = 0 for all i < n and t < 0. Furthermore we have
hi(W,O) = hi(M,O) = 0 for i > 0 since M is Fano. Hence the Hilbert polynomial
χ(W, tf∗(L|Az)) is of the form
χ(W, tf∗(L|Az)) =
d0
n!
(
n−1∏
k=1
(t+ k))(t+
n
d0
)
where d0 = deg f
∗(L|Az); thus we have χ(W, f
∗(L|Az)) = d0 + n. Since W is Fano
and hence χ(W, f∗(L|Az)) = h
0(W, f∗(L|Az)), we infer that Fujita’s ∆-genus of
(W, f∗(L|Az)) is zero. Note here that the Picard number of W is one since that
of M is so; we therefore conclude that W is isomorphic to either Pn or Qn. Thus
M ∼= Pn or Qn
If −KP −nL is ϕ-nef, we see that χ(W,−nf∗(L|Az)) = 0 by [54, Lemma 4]; thus
the same argument as above implies that d0 = 1 and M ∼= Pn. 
Recall the following lemma of Fujita [16, (2.12) Lemma].
Lemma 13.3. Let ϕ : P → N be a proper surjective morphism from a manifold
P onto a normal variety N with equidimensional fibers. Let L be a ϕ-ample line
bundle on P and suppose that (F,L|F ) ∼= (Pr,O(1)) for a general fiber F of ϕ.
Then N is nonsingular and ϕ makes (P,L) a scroll over N.
The following is due to Fujita [17, (2.2) Theorem] and Ye-Zhang [54, Lemma 4].
Lemma 13.4. Let ϕ : P → N be a contraction morphism of an extremal ray
R1 from a manifold P onto a normal variety N . Let L be a ϕ-ample line bundle
on P and suppose that (KP + sL).R1 = 0 for some positive integer s. Let Az be
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an s-dimensional irreducible component of an s-dimensional fiber ϕ−1(z) of ϕ and
suppose that a general fiber of ϕ has dimension < s. Then we have (W, f∗(L|Az)) ∼=
(Ps,O(1)), where f :W → Az is the normalization.
Proof. Let W˜ → W be a desingularization and let g : W˜ → Az be the com-
posite of f and this desingularization. Then we have, by [54, Lemma 4], that
hs(W˜ ,−tg∗(L|Az )) = 0 for all t ≤ s since (KP + sL).R1 = 0. Hence, applying
Fujita’s theorem [17, (2.2) Theorem], we conclude that (W, f∗(L|Az)) ∼= (P
s,O(1)).

14. The case l(R1) = n
To deal with the case l(R1) = n, we will use the following:
Lemma 14.1. Let M be an n-dimensional projective manifold, and E an ample
vector bundle of rank r on M . Denote by π : P(E)→M the projection, and by L
the tautological line bundle H(E) on P(E). Assume that PicM ∼= Z. Suppose that
there exists a Pn−1-bundle ϕ : P(E)→N onto an r-dimensional projective manifold
N such that ϕ|pi−1(x) is finite for every point x ∈M and L|F ∼= OPn−1(1) for every
fiber F of ϕ. Then r = n and (M, E) ∼= (Pn, TPn).
Proof. Let F denote ϕ∗L. Then F is a vector bundle of rank n. Moreover F is
ample because H(F) = L. Note that PicN ∼= Z. Denote by P the projective space
bundle P(E) over M .
Since
−rL + π∗(KM + det E) = KP = −nL+ ϕ
∗(KN + detF),
we have n − r = ϕ∗(KN + detF).l = (KN + detF).ϕ∗(l), where l denotes a line
in a fiber of π. Note that l→ϕ(l) is birational because L.l = 1. Thus −KN .ϕ(l) =
detF .ϕ(l) + r − n ≥ r.
Since the condition is symmetric with respect to π and ϕ, we may assume that
r ≤ n. Denote by τ the nef value τ(M, det E) of the polarized manifold (M, det E).
The condition r ≤ n implies that τ ≥ 1, since L|F = O(1) for a fiber F of ϕ.
We will assume that r ≤ n− 1, and derive a contradiction.
We claim here that−KN .ϕ(l) ≤ r+1. Assume, to the contrary, that−KN .ϕ(l) ≥
r + 2. Then ϕ(l) can be deformed to a sum
∑δ
i=1 li of at least two rational curves
li’s (some of which may be equal) (i = 1, . . . , δ, δ ≥ 2) such that −KN .li ≤ r+1 by
Mori’s theorem [41, Theorem 4]. Thus
n− r = (KN + detF).ϕ(l) =
δ∑
i=1
(KN + detF).li ≥ δ(−r − 1 + n).
Hence (δ− 1)(n− r) ≤ δ. Since r ≤ n− 1, we have 1 ≤ n− r ≤ 1+ (1/(δ− 1)) ≤ 2.
If n − r = 1, then 1 = (KN + detF).ϕ(l) =
∑δ
i=1(KN + detF).li, which is a
contradiction because PicN ∼= Z and so KN + detF is ample. Hence n − r = 2,
δ = 2, (KN + detF).li = 1, n = detF .li, and −KN .li = r + 1; thus we have
KN +(r+1)(KN +detF) = 0. Applying Theorem 2.4 (1), we infer that (N,KN +
detF) ∼= (Pr,O(1)). Therefore detF ∼= O(r + 2) = O(n) and F ∼= O(1)⊕n by
Theorem 2.3 (1). This means that π is Pr-bundle, which contradicts the assumption
that E has rank r.
By the claim above, we have two cases: (−KN .ϕ(l), detF .ϕ(l)) = (r + 1, n +
1) and (−KN .ϕ(l), detF .ϕ(l)) = (r, n). Let X denote P ×N l, ϕl : X→l the
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projection, and πX the composite of π and the projection X→P . Let g : X→Y be
the projective morphism with connected fibers onto a normal projective variety Y
determined by |H(F ⊗Ol(−1))|. We have the following commutative diagram
Y
g
←−−−− X
ϕl−−−−→ ly y
P
ϕ
−−−−→ Nypi
M.
Since there exists a section l˜ of ϕl such that H(F ⊗ Ol(−1)).l˜ = 0 and πX(l˜) is a
point, we obtain a unique finite morphism h : Y→M such that πX = h ◦ g.
We will show that M ∼= Pn.
Suppose that detF .ϕ(l) = n + 1. Then Y = Pn. Hence we have M ∼= Pn by
Lazarsfeld’s theorem [36, Theorem 4.1].
Suppose that detF .ϕ(l) = n; denoting by F a fiber of π, we infer that F⊗OF ∼=
O(1)⊕n by Theorem 2.3 (1). The following argument is inspired by [19, §4 (b.2)].
Set DN = ϕ(F ) and DP = ϕ
−1(DN ). Note here that both DN and DP are
prime divisors. Since P(F ⊗ OF ) → F has a section contracted by the composite
P(F ⊗ OF ) → P → M , we see that π(DP ) is also a prime divisor. This implies
that 0 = DP .l = ϕ
∗DN .l = DN .ϕ(l). On the other hand, since PicN ∼= Z, DN is
ample; thus DN .ϕ(l) > 0. This is a contradiction, and this case does not occur.
Let C0 be a line on M ∼= Pn. Set det E ∼= O(r + α) for some integer α ≥ 0.
Let C1 be a line in a fiber Pn−1 of ϕ. Since L.C1 = 1, C1 → π(C1) is birational.
Moreover it follows from Corollary 11.1 that we may assume that π(C1) is a line in
M ∼= Pn. Proposition 8.7 then implies that α = 1. Therefore E is a uniform vector
bundle, and we infer that E ∼= O(1)⊕(r−1) ⊕ O(2) by Theorem 2.3. This implies
that ϕ is birational. This is a contradiction. Therefore we conclude that r = n.
Finally, if r = n, we see that KM + det E = 0. Hence we infer that (M, E) ∼=
(Pn, TPn) by the argument [19, §4] or [47, §2, Main case 1, Subcase A]. This com-
pletes the proof of the lemma. 
Remark 14.2. Note that we do not use Theorem 2.2 in the proof above; the proof
above remains the original argument in [43]. If we apply Theorem 2.2, we can give
a much shorter proof of Lemma 14.1 by the similar argument as in the proof of
Proposition 18.3.
Applying Lemma 14.1, we obtain the following theorem.
Theorem 14.3. Let M be a Fano manifold of Picard number one and E an ample
vector bundle of rank r on M . Denote by τ the nef value τ(M, det E) of the polarized
manifold (M, det E). Suppose that τ ≥ 1. Let R, L, R1, C1, and ϕ : P → N be as
in § 8, and suppose that L.C1 = 1. Suppose that the length l(R1) of R1 is equal to
n. Then we have one of the following:
(1) (M, E) ∼= (Qn,O(1)⊕r) and τr = n;
(2) (M, E) ∼= (Pn,O(1)⊕(r−1) ⊕O(2));
(3) (M, E) ∼= (Pn, TPn) and τr = n.
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Proof. Suppose that ϕ has an n-dimensional fiber ϕ−1(z). Then Lemmas 9.2 (1)
and 8.8 implies that π(C1) is a minimal extremal rational curve in R. Therefore
we have l(R) = l(R1) + (det E .π(C1) − rL.C1) by Lemma 8.7. Let W be the
normalization of an n-dimensional irreducible component of ϕ−1(z). Then W ∼=M
via π by Lemma 13.1.
Suppose moreover that a general fiber F of ϕ is n-dimensional. By taking ϕ−1(z)
as a general fiber, we may assume that F = W . Since l(R1) = n and L.C1 = 1,
we have (KP + nL).C1 = 0; thus KF + nL|F = 0. Hence (F,L|F ) ∼= (Qn,O(1)) by
Theorem 2.4 (2). Therefore we have Qn = F =W ∼=M via π; thus π(C1) is a line
in M ∼= Qn. Since l(R) = n and l(R1) = n, we have det E .π(C1)− rL.C1 = 0. Thus
we have det E .π(C1) = r since L.C1 = 1. Hence E ∼= O(1)⊕r by [51, Lemma 3.6.1].
This is the case (1) of the theorem.
Suppose moreover that a general fiber of ϕ has dimension < n. We have M ∼=
Pn by Lemma 13.2 (2); thus π(C1) is a line in M ∼= Pn. Since l(R) = n + 1,
we have det E .π(C1) − rL.C1 = 1. The assumption L.C1 = 1 then implies that
det E .π(C1) = r + 1. Note here that n = l(R1) ≥ τr ≥ r by (8.3) in § 8, since
τ ≥ 1 and L.C1 = 1. Now that ϕ has an n-dimensional fiber, this implies that
E ∼= O(1)⊕(r−1) ⊕O(2) by Theorem 2.3. This is the case (2) of the theorem.
Suppose that ϕ has no n-dimensional fibers. Then it follows from inequality (8.1)
that ϕ is of fiber type and that every fiber of ϕ is (n − 1)-dimensional. Since
(KP + nL).C1 = 0, we have (F,L|F ) ∼= (Pn−1,O(1)) for a general fiber of ϕ.
Moreover Lemma 13.3 implies that ϕ makes (P,L) a scroll over an r-dimensional
manifold N . Now it follows from Lemma 14.1 that (M, E) ∼= (Pn, TPn). This is the
case (3) of the theorem. 
Finally we pose the following conjecture.
Conjecture 1. Let M be a Fano manifold of Picard number one and E an ample
vector bundle of rank r on M . Let L, R1, and C1 be as in § 8, and set L.C1 = l.
If l(R1) = n, then (M, E) is one of the following:
(1) (Qn,O(l)⊕r);
(2) (Pn,O(l)⊕(r−1) ⊕O(l + 1));
(3) (Pn, TPn(l − 1)⊕O(l)⊕(r−n)) (r ≥ n).
15. Some modifications
The following is a slight modification of [48, Proposition 3.5].
Proposition 15.1. Let E be an ample vector bundle of rank r on a projective
manifold M of dimension n. Suppose that r ≤ n− 1.
(1) If M = Pn and det E = O(r + 2), then one of the following holds:
(a) E ∼= O(1)⊕(r−1) ⊕O(3);
(b) r ≥ 2 and E ∼= O(1)⊕(r−2) ⊕O(2)⊕2;
(c) n = 3 and E ∼= N(2) where N is a null-correlation bundle.
(2) If M = Qn and det E = O(r + 1), then one of the following holds:
(a) E ∼= O(1)⊕(r−1) ⊕O(2);
(b) n = 3, r = 2 and E ∼= E(2) where E is a spinor bundle over Q3;
(c) n = 4 and E ∼= E(2)⊕O(1)⊕i (i = 0, 1) where E is a spinor bundle of
rank 2 over Q4.
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Proof. We owe to [37] the idea of the following proof. Let E ′ be E ⊕O(1)⊕(n−1−r).
After applying [48, Proposition 3.5] to E ′, we recover E from E ′ and we obtain the
proposition. 
Next, we will improve Proposition (1.1) in [48].
Proposition 15.2. Let P be a proper normal variety and L a line bundle on P .
Suppose that there exist coprime positive integers p and q such that L⊗p and L⊗q
are spanned, and assume that the image of the map Φ|L⊗p| : P→P
N is at most of
dimension k and that dimHi(P,L⊗t) = 0 for i > 0 and t ≥ −k + 1. Then L is
spanned and defines a map Φ|L| : P→Y ⊆ PN with connected fibers onto a normal
polarized variety (Y,M), i.e., Φ∗|L|M = L, of Fujita’s ∆-genus ∆(Y,M) = 0.
Moreover Y has dimension either k − 1 or k, and
(1) if dimY = k then the Hilbert polynomial of (P,L) is of the form
1
k!
{
k−1∏
i=1
(t+ i)}(dt+ k),
where d =Mk;
(2) if dimY = k − 1 then (Y,M) ∼= (Pk−1,O(1)).
Proof. Put Y = Proj⊕t≥0H0(L⊗t). Since L is semi-ample, L induces a natural
morphism φ : P = Proj⊕t≥0L⊗t→Proj⊕t≥0H0(L⊗t). Moreover Y is a normal
projective variety and φ has connected fibers because P is normal (see, for example,
[40, Prop 1.4]). Since L⊗p is spanned, OY (p) is an ample line bundle on Y and we
have L⊗p = φ∗OY (p). We also have L⊗q = φ∗OY (q) because L⊗q is also spanned.
(Note that ⊕t≥0H0(L⊗t) is not a priori generated by elements in H0(L) of degree
one, and thus we cannot assume at first that OY (1) is invertible.) Let a and b be
integers such that ap+ bq = 1, and letM denote the line bundle OY (ap)⊗OY (bq).
Then L = φ∗M. Since φ∗OP = OY , we have OY (p) =M⊗p. Hence we infer that
M is ample.
Let us consider the Hilbert polynomial χ(t) := χ(P, tL). By assumption we see
that Y is of dimension at most k. Hence c1(L)
k+1 is numerical trivial, and therefore
the degree of χ(t) is at most k.
Suppose that degχ(t) = k. Then, from the vanishing of χ(t) for t = −k +
1, · · · ,−1 and from χ(0) = 1 we have
χ(t) =
d
k!
{
k−1∏
i=1
(t+ i)}(t+
k
d
)
for some positive integer d. Also by the vanishing of the higher cohomology, we see
that dimH0(P,L⊗t) = χ(t) for t ≥ 0. Since H0(P,L⊗t) ∼= H0(Y,M⊗t) for all t,
χ(t) is also the Hilbert polynomial of (Y,M); dimY = k and d = Mk. Now we
have h0(Y,M) = h0(P,L) = d+ k. Hence ∆(Y,M) = 0.
Suppose that degχ(t) < k. Then, from the vanishing of χ(t) for t = −k +
1, · · · ,−1 and from χ(0) = 1 we have
χ(t) =
1
(k − 1)!
k−1∏
i=1
(t+ i).
In particular, we see that degχ(t) = k − 1. For the same reason as above, χ(t)
is also the Hilbert polynomial of (Y,M); in this case we have dimY = k − 1
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and 1 = Mk−1. Now we have h0(Y,M) = h0(P,L) = k. Hence ∆(Y,M) = 0.
Therefore (Y,M) ∼= (Pk−1,O(1)).
In both cases, we see that M is very ample. Hence L is spanned and the
statement follows. 
The following Corollary 15.3 (1) is nothing but Corollary (1.2) in [48]. Corol-
lary 15.3 (2) is a modification of Corollary (1.3) in [48]. Corollary 15.3 (2) will be
used in the proof of Proposition 18.2 and in § 19. Corollary 15.3 (3) will not be
used in this paper.
Corollary 15.3. Let M be an n-dimensional projective manifold, and E a rank-r
vector bundle on M . Assume that Hi(M,OM ) = 0 for i > 0, that H(E)⊗m is a
spanned line bundle on P(E) for all m ≫ 0, and that Hi(P(E), H(E)⊗t) = 0 for
i > 0, t > 0.
(1) If c1(H(E))r = 0, then E ∼= O⊕r.
(2) If c1(H(E))r+1 = 0, then E is spanned. Suppose moreover that hi(M,KM⊗
det E) = 0 for i < n. Then hn(M,KM ⊗ det E) = 1 or 0 and hn(M,KM ⊗
det E) = 1 if and only if c1(H(E))r = 0. Furthermore in case hn(M,KM ⊗
det E) = 0, we have h0(E) = r + 1, and thus E fits into the following exact
sequence
0→ E∗ → OM ⊗H
0(E)∗ → det E → 0.
(3) If c1(H(E))r+2 = 0 and hi(M,KM ⊗detE) = 0 for all i, then E is spanned.
Proof. Put P = P(E) and L = H(E).
Suppose that we are in (1) or (2). In these cases, we set k = r. The vanishing of
Hi(P,L⊗t) for −k + 1 ≤ t ≤ −1 and i > 0 follows from Leray’s spectral sequence.
Since L⊗m is spanned for all m ≫ 0 and Lr+1 = 0 in both cases (1) and (2), we
now apply Proposition 15.2 to see that L is spanned and that the image Y of the
morphism determined by L has dimension k − 1 or k. Therefore E is spanned.
(1) If Lr = 0, then dim Y < k, and again by Proposition 15.2, we infer that
h0(L) = k and thus h0(E) = r. Therefore E is trivial.
(2) Let χ(t) denote the Hilbert polynomial χ(P, tL) of (P,L). Suppose that
hi(M,KM ⊗ det E) = 0 for i < n. By Serre duality, we have
hi(P,L⊗(−k)) = hn+r−1−i(P,KP ⊗ L
⊗k) = hn+r−1−i(M,KM ⊗ det E)
=
{
0 if i 6= r − 1,
hn(M,KM ⊗ det E) if i = r − 1.
Hence χ(−k) = (−1)r−1hn(M,KM ⊗ det E). On the other hand, we have, by
Proposition 15.2 and its proof,
χ(−k) =
{
(−1)k−1(−d+ 1) if dimY = k,
(−1)k−1 if dimY = k − 1.
where d = deg Y . Therefore hn(M,KM ⊗ det E) = 1 if and only if dimY = k − 1,
i.e., Lk = 0. Moreover if hn(M,KM ⊗ det E) = 0 then d = 1 and dimY = k,
and thus Proposition 15.2 implies (Y,M) ∼= (Pk,O(1)). Hence k + 1 = h0(M) =
h0(L) = h0(E).
Suppose that we are in (3). In this case we set k = r + 1. The vanishing of
Hi(P,L⊗t) for −k + 2 ≤ t ≤ −1 and i > 0 follows from Leray’s spectral sequence.
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By Serre duality and the assumption, we have
hi(P,L⊗(−k+1)) = hn+r−1−i(P,KP ⊗ L
⊗k−1)
= hn+r−1−i(M,KM ⊗ det E) = 0.
Since L⊗m is spanned for all m ≫ 0 and Lr+2 = 0, we apply Proposition 15.2 to
see that L is spanned. Therefore E is spanned. This completes the proof. 
16. Lemmas for the case ϕ is of fiber type
Lemma 16.1. Let M be an n-dimensional Fano manifold of Picard number one
and E an ample vector bundle of rank r on M . Let τ , π : P →M , L, R1, C1, and
ϕ : P → N be as in § 8. In particular assume that −KP is ample. Suppose that
a general fiber of ϕ is n-dimensional. Then E ∼= OM (D)⊕r, where OM (D) is an
ample line bundle on M . Moreover if L.C1 = 1 then OM (D) is the ample generator
OM (1) of PicM , the Fano index of M is l(R1), and l(R1) = τr.
Proof. Let F be a general fiber F of ϕ. It follows from Lemma 13.1 that F ∼= M
via π. Let OM (D) be the line bundle corresponding to L|F via F ∼=M . For a curve
l on M , letting l˜ be a curve in F corresponding to l, we see that H(E(−D)).l˜ = 0.
Hence H(E(−D)) is nef and is a supporting divisor for R1 (or ϕ). This implies that
there exists a positive integer m0 such that H(E(−D))⊗m is spanned for all integers
m ≥ m0; by Corollary 15.3 (1), we infer that E(−D) ∼= O
⊕r . Hence E ∼= OM (D)
⊕r.
Now we may think that C1 is contained in F . If L.C1 = 1, then OM (D) is the
ample generator OM (1) of PicM . Moreover if L.C1 = 1, then KF + l(R1)L|F = 0,
and thus KM + l(R1)OM (1) = 0. Hence the Fano index of M is l(R1). Note finally
that this also implies that l(R1) = τr since E ∼= OM (1)⊕r. 
The idea of the following lemma comes from [19, §4 (b.2)].
Lemma 16.2. Let M be an n-dimensional Fano manifold of Picard number one
and E an ample vector bundle of rank r on M . Let π : P →M , L, and ϕ : P → N
be as in § 8. Suppose that ϕ is of fiber type. If a general fiber W of ϕ has dimension
< n, then EW cannot be isomorphic to L
⊕r
W .
Proof. Suppose that EW is isomorphic to L
⊕r
W . Note that P(EW )→W has a section
Ws induced from the inclusion W →֒ P . Set PW = P(EW ). Since Ws is contracted
by PW →֒ P → N , it follows from EW ∼= L
⊕r
W that PW is contracted to a variety
of dimension r − 1. Fix one W , and denote it by W0. Set M0 = π(W0) and
P0 = π
−1(M0). We have dimϕ(P0) = r − 1.
Set t = dimM0. Note that t = dimW0 and thus dimN = n+r−1− t. Hence we
have codim(M0,M) = n− t = codim(ϕ(P0), N). Since dimW0 < n by assumption,
we have t < n. Therefore ϕ(P0) is a proper subset of N .
If t = n − 1, then M0 is an ample divisor since PicM ∼= Z. Hence we have
0 < π∗M0.e = P0.e for any curve e in a fiber of ϕ. On the other hand, we have
P0.e = 0 if e lies in a fiber over N \ ϕ(P0). This is a contradiction.
Suppose that t ≤ n − 2. Set N0 = ϕ(P0). Take a general curve Y1 such
that Y1 is not contained in N0. Denote by W1 the irreducible component of
ϕ−1(Y1) which dominates Y1. Set M1 = π(W1). Then dimM1 = dimW0 + 1.
Set P1 = π
−1(M1) and N1 = ϕ(P1). Then a general fiber of P1 → N1 is t-
dimensional. Hence codim(N1, N) = codim(P1, P ) = codim(M1,M) = n − t − 1.
Next take a general surface Y2 such that Y2 is not contained in N1. Denote by
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W2 the irreducible component of ϕ
−1(Y2) which dominates Y2. Set M2 = π(W2).
Then dimM2 = dimW0 + 2. Set P2 = π
−1(M2) and N2 = ϕ(P2). Then a gen-
eral fiber of P2 → N2 is t-dimensional. Hence codim(N2, N) = codim(P2, P ) =
codim(M2,M) = n − t − 2. Likewise we can repeat this procedure inductively, so
that if we take a general (n − t − 1)-dimensional variety Yn−t−1, letting Wn−t−1
be the irreducible component of ϕ−1(Yn−t−1) which dominates Yn−t−1, and setting
Mn−t−1 = π(Wn−t−1), Pn−t−1 = π
−1(Mn−t−1), and Nn−t−1 = ϕ(Pn−t−1), we see
that codim(Mn−t−1,M) = 1 = codim(Nn−t−1, N). Since Mn−t−1 is ample, we
have 0 < π∗Mn−t−1.e = Pn−t−1.e = 0 for a curve e in a fiber over N \ Nn−t−1.
This is a contradiction. 
17. Comparison Lemma for l(R1) = n− 1
In this section, we will follow the notation in § 9.
Corollary 17.1. Suppose that l(R1) = n− 1, that L.C1 = 1, that τ ≥ 1, and that
ϕ has no n-dimensional fibers. Then π(C1) is a minimal extremal rational curve
in R unless the following holds:
(*) n = 4, r = 3, τ = 1, ϕ is of fiber type, every fiber of ϕ has a two dimensional
irreducible component F such that dim px(Vx)∩F = 0 (some special fiber of ϕ might
have a 3-dimensional irreducible component F ′ such that px(Vx) ∩ F ′ = ∅).
Proof. Note first that r ≥ 2 since ϕ has no n-dimensional fibers.
By Lemma 8.8, it is enough to show that there exists an unsplit rational curve C′1
belonging to R1 and dominating a minimal extremal rational curve C0. Assume, to
the contrary, that no unsplit rational curve dominating a minimal extremal rational
curve in R belongs to R1, i.e., is contracted by ϕ. Let C
′
1 be an unsplit rational
curve dominating a minimal extremal rational curve in R. Then, by Lemma 9.2
(2), we may assume that px(Vx)→ ϕ(px(Vx)) is finite. Hence we have
dimN ≥ dimϕ(px(Vx)) = dim px(Vx) = dimVx ≥ τrL.C
′
1 + r − 2
by Lemma 9.2 (4) and (5), since τ ≥ 1.
Suppose that ϕ is of fiber type. Since l(R1) = n − 1, inequality (8.1) in § 8
implies that every fiber of ϕ has dimension ≥ n− 2. Hence we have r+1 ≥ dimN ,
and thus 3 ≥ τrL.C′1 ≥ 2. Therefore L.C
′
1 = 1, 3 ≥ τr ≥ 2, and r = 2 or 3.
Suppose that r = 2 and that ϕ is of fiber type. If τ = 1, we have n−1 = l(R1) =
rL.C1 = 2 by (8.3) in § 8, since L.C1 = 1. Hence n = 3. In this case, we have
π(C1) = C0 by [52], and thus there exists an unsplit rational curve C1 dominating
C0 and contracted by ϕ, which contradicts the assumption. Hence τ > 1. Then
we have τr > 2, and thus r + 1 = dimN = dimϕ(px(Vx)). Hence a general fiber
of ϕ has dimension n− 2. Let F be a general fiber of ϕ. Since L.C1 = 1, we have
(KP + (n − 1)L).C1 = 0, and thus KF + (n − 1)LF = 0. Theorem 2.4 (1) then
implies that (F,LF ) ∼= (Pn−2,O(1)). Note here that n − 1 = l(R1) ≥ τr > 2 by
(8.3) in § 8, and thus n ≥ 4 and dimF ≥ 2. Since LF = O(1), we have the following
exact sequence
0→ O(α)→ EF (−1)→ O → 0
for some integer α. Since F is a projective space of dimension ≥ 2, this exact
sequence must split: EF (−1) ∼= O(α) ⊕ O. Since EF is ample, we have α ≥ 0.
Moreover Lemma 16.2 implies that α > 0. Hence the restriction of ϕ to π−1(π(F ))
is the composite of a birational morphism and a finite morphism, and hence r+1 =
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dimN ≥ dim π−1(π(F )) = n − 1. Since n ≥ 4, this implies that n = 4. Set
det E .C0 = r + a for a minimal extremal rational curve C0 in R. Then inequality
(5.2) in § 5 shows that 0 ≤ a ≤ l(R) − τr < 5 − 2 since τ > 1. Hence 0 ≤ a ≤ 2.
Moreover if a = 2 then l(R) = n + 1 and thus M ∼= P4 by Theorem 2.2. Then
Proposition 15.1 implies that E is either O(2)⊕2 or O(1) ⊕ O(3). This, however,
contradicts the fact that ϕ has no n-dimensional fibers. Hence a ≤ 1. Suppose that
a = 1. If l(R) = n+1, then we see that (M, E) ∼= (P4,O(1)⊕O(2)) by Theorem 2.2,
which contradicts that ϕ has no n-dimensional fibers. Hence l(R) = 4. Putting
A = −KM − det E , we see that A.C0 = 1. Thus A is ample and KM + 4A = 0
because the Picard number ofM is one. Hence (M,A) ∼= (Q4,O(1)) by Theorem 2.4
(2). Now we apply Proposition 15.1 to know that E ∼= E(2) where E is a spinor
bundle because ϕ is of fiber type. In this case, ϕ is a P2-bundle and every fiber of
ϕ is mapped to a plane in Q4 by π. Hence there exists an unsplit rational curve C1
dominating C0 and belonging to R1, which contradicts the assumption. Suppose
that a = 0. Then l(R) = τ det E .C0 = τr. Since 3 ≥ τr > 2, we have τr = 3
and τ = 3/2. Now it follows from (8.2) in § 8 that det E .π∗(C1) = 2 = r, which
implies that π(C1) is a minimal extremal rational curve in R. Therefore there exists
an unsplit rational curve C1 belonging to R1 and dominating a minimal extremal
rational curve in R. This contradicts the assumption.
Suppose that r = 3 and that ϕ is of fiber type. Since 3 ≥ τr, we have τ = 1.
Then (8.3) in § 8 implies that n − 1 = l(R1) = rL.C1 = 3. Hence n = 4. Since
τr > 2, we have r+1 = dimN = dimϕ(px(Vx)) as above, and thus every fiber of ϕ
has an irreducible component F of dimension n− 2 such that dim px(Vx) ∩ F = 0.
This is the case (*) of the corollary.
Suppose that ϕ is birational. Since l(R1) = n − 1 and ϕ has no n-dimensional
fibers, we see, by inequality (8.1) in § 8, that ϕ is divisorial and that every positive
dimensional fiber has dimension n − 1. Denote by E the exceptional divisor of
ϕ. Theorem 6.1 then implies that N is smooth and ϕ is the blowing up along a
submanifold ϕ(E) of N . Therefore we have KP = ϕ
∗(KN ) + (n− 1)E.
Note here that π(E) = M since every non-zero effective divisor on M is ample.
Therefore a general fiber π|E has dimension r − 2.
Let l be a general line in a general fiber of π; note that l is not contained in E. We
claim here that E intersects l in only one point. The idea of this claim is due to [48,
Lemma (7.2)]. Since E defines an ample divisor of a general fiber of π, we see first
that E ∩ l is a non-empty finite set. Second we show that −KN .ϕ(l) ≤ dimN + 1;
suppose, to the contrary, that −KN .ϕ(l) ≥ dimN +2. Then for general two points
p, q of ϕ(l), we can deform ϕ(l) to form a 1-dimensional family of curves all of
which pass through p and q. Since ϕ is birational, this family can be lifted up
to a family on P , which implies that l can break. This is a contradiction. Hence
−KN .ϕ(l) ≤ dimN + 1. Now we have
E.l =
KP .l − ϕ∗(KN).l
n− 1
≤
−r + n+ r − 1 + 1
n− 1
= 1 +
1
n− 1
.
Note here that n− 1 = l(R1) ≥ τrL.C1 ≥ r ≥ 2 by (8.3) in § 8, since τ ≥ 1. Hence
we have E.l = 1. Therefore a general fiber of π|E is a hyperplane of a fiber of π.
Suppose that π|E has an (r − 1)-dimensional fiber π−1(x1). Then it dominates
ϕ(E). Since ϕ(E) is smooth, Lazarsfeld’s theorem [36, Theorem 4.1] implies that
ϕ(E) ∼= Pr−1. Lemma 13.1 then implies that the π−1(x1) is isomorphic to ϕ(E)
via ϕ|E . Denote by F the vector bundle (ϕ|E)∗(L|E) of rank n on ϕ(E). We
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have E ∼= P(F) over ϕ(E) and L|E ∼= H(F), and thus F is ample. Let l denote
a line in the fiber π−1(x1) by abuse of notation. We see that KE .l = −(r − 1)
and that KE = −nL|E + (ϕ|E)∗(Kϕ(E) +detF). Since l is mapped isomorphically
onto a line in ϕ(E) ∼= Pr−1, we infer that detF .ϕ(l) = n + 1. Since F is ample,
F is a uniform vector bundle of type (1, . . . , 1, 2), and therefore is isomorphic to
eitherO(1)⊕(n−1)⊕O(2) or TPr−1⊕O(1)
⊕(n−r+1) by Theorem 2.3 (2). Since π|E has
connected fibers, this implies thatM ∼= Pn and that r = 2 if F ∼= O(1)⊕(n−1)⊕O(2).
Moreover we see that every fiber of ϕ|E is mapped isomorphically to a hyperplane
of M ∼= Pn via π|E . Therefore we may assume that π(C1) = C0, which contradicts
the assumption.
Suppose that every fiber of π|E is (r − 2)-dimensional, so that π|E also makes
(E,L|E) a scroll over M . Now we apply Lemma 14.1 to see that n = r − 1. Since
n− 1 = l(R1) ≥ τrL.C1 ≥ r by (8.3) in § 8, this is a contradiction. Therefore this
case does not happen either. 
18. The case l(R1) = n− 1
Let M , E , τ , π : P →M , L, R1, C1, and ϕ : P → N be as in § 8.
Proposition 18.1. Suppose that τ ≥ 1 and that L.C1 = 1. If the length l(R1) of
R1 is equal to n − 1 and ϕ has an n-dimensional fiber, then we have one of the
following:
(1) KM +(n− 1)A = 0 and E ∼= A⊕r where A is the ample generator of PicM .
In this case we have τr = n− 1;
(2) (M, E) ∼= (Pn,O(1)⊕(r−2) ⊕O(2)⊕2) (r ≥ 3);
(3) (M, E) ∼= (Pn,O(1)⊕(r−1) ⊕O(3)) (r ≥ 2);
(4) (M, E) ∼= (Qn,O(1)⊕(r−1) ⊕O(2)) (r ≥ 2);
(5) (M, E) ∼= (Q4,E(2)⊕O(1)), where E is a spinor bundle on Q4. In this case
we have τr = n− 1 and τ = 1.
Proof. Suppose that a general fiber F of ϕ is n-dimensional. Since l(R1) = n − 1
and L.C1 = 1, it follows from Lemma 16.1 that (M,A) is a Del Pezzo manifold and
that E ∼= A⊕r, where A is the ample generator of PicM . This is the case (1) of the
proposition.
We assume that a general fiber of ϕ has dimension < n in the following.
Let ϕ−1(z) be an n-dimensional fiber of ϕ, and let W be the normalization
of an n-dimensional irreducible component of ϕ−1(z). Then W ∼= M via π by
Lemma 13.1. Moreover (W,LW ) is isomorphic to either (Pn,O(1)) or (Qn,O(1))
by Lemma 13.2 (1) and its proof. Let C˜1 be a line in W ; we have L.C˜1 = 1 and
the image of C˜1 in ϕ
−1(z) is C1. Since W ∼= M , we see that C˜1 → π(C1) is
an isomorphism and that π(C1) is a line in M ; in particular C1 → π(C1) is an
isomorphism. Set det E .π(C1) = r+ a for some integer a. We have n− 1 = l(R1) =
−KM .π(C1) − a by Proposition 8.7. Thus a = 2 if W ∼= M ∼= Pn, and a = 1 if
W ∼=M ∼= Qn. Note here that n− 1 ≥ r by (8.3) in § 8, since τ ≥ 1.
Suppose that M ∼= Pn and det E ∼= O(r + 2). Since L.C1 = 1, it follows
from Proposition 15.1 (1) that E is isomorphic to O(1)⊕(r−1) ⊕ O(3) (r ≥ 2) or
O(1)⊕(r−2) ⊕O(2)⊕2 (r ≥ 3). The reason why E is not isomorphic to N(2), where
N is the null correlation bundle on P3, is as follows: First recall (see, e.g., [44, I,
4.2]) an exact sequence
0→ OP3 → Ω(2)→ Nˇ(1)→ 0.
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Note that Nˇ(1) ∼= N(1) on P3. Since a natural morphism P(Ω(2))→ P(H0(Ω(2)))
is a P1-bundle onto the Grassmannian G(1,P3) of lines in P3, the exact sequence
above with Nˇ(1) ∼= N(1) shows that a natural morphism P(N(1))→ P(H0(N(1))),
which is ϕ if E ∼= N(2), is a P1-bundle onto a three-dimensional hyperquadric. This
contradicts the assumption that ϕ has an n-dimensional fiber.
Suppose that M ∼= Qn and that det E ∼= O(r + 1). Since L.C1 = 1, it follows
from Proposition 15.1 (2) that E is isomorphic to O(1)⊕(r−1) ⊕ O(2) (r ≥ 2) or
E(2) ⊕ O(1) where E is a spinor bundle over Q4. Here, the reason why E is not
isomorphic to E(2), where E is a spinor bundle on Q4 or Q3, is as follows: First
recall that Q4 is isomorphic to the Grassmannian G(1,P3) of lines in P3 and that,
by changing this isomorphism if necessary, E(1) can be, via this isomorphism,
isomorphic to the universal quotient bundle over G(1,P3) (see [45, Examples 1.5]);
therefore the natural map P(E(1))→ P(H0(E(1))) = P3 is a P2-bundle, and every
fiber of this map is isomorphic to a plane in Q4 via the projection. Second recall
that the restriction of a spinor bundle on Q4 to Q3 is the spinor bundle on Q3 by [45,
Theorem 1.4]; hence the natural map PQ3(E(1)) → P3 is a P1-bundle. Therefore
we conclude that ϕ has no n-dimensional fibers if E ∼= E(2) on Q4 or Q3. This
contradicts our assumption. 
In the proof of the following proposition, applying Theorem 2.2, we adapt the
argument in [48, §5] to our case.
Proposition 18.2. Suppose that τ ≥ 1, that L.C1 = 1, that l(R1) = n − 1, and
that ϕ has no n-dimensional fibers. If ϕ has an (n − 1)-dimensional fiber, then
n = 4, r = 3, τ = 1, ϕ is of fiber type, every fiber of ϕ has a two dimensional
irreducible component F such that dim px(Vx) ∩ F = 0, and some special fiber of ϕ
has a 3-dimensional irreducible component F ′ such that px(Vx) ∩ F ′ = ∅.
Proof. First note that n− 1 = l(R1) ≥ r by (8.3) in § 8, since τ ≥ 1.
Since every fiber of ϕ has dimension ≤ n − 1, we see that r ≥ 2, and we have
two cases:
A) a general fiber of ϕ has dimension n− 1, and thus dimN = r;
B) a general fiber of ϕ has dimension < n− 1, and thus dimN > r.
In the case A), since (KP + (n − 1)L)W = OW for a general fiber W of ϕ, we
have (W, f∗(L)) ∼= (Qn−1,O(1)) by Theorem 2.4 (2), where f : W → P is the
inclusion. In the case B), for any (n − 1)-dimensional irreducible component Az
of an (n − 1)-dimensional fiber ϕ−1(z), we have (W, f∗(L)) ∼= (Pn−1,O(1)) by
Lemma 13.4, where f :W → P is the composite of the normalizationW → Az and
the inclusion Az → P .
Set EW = (π ◦ f)
∗E and PW = P(EW ). Let ρ : PW→P be the morphism induced
from π ◦ f : W→M by base change π : P→M . Set ϕW = ϕ ◦ ρ. We have the
following commutative diagram
PW
ρ
−−−−→ P
ϕ
−−−−→ N
piW
y ypi
W
pi◦f
−−−−→ M.
Let Ws be the section of πW : PW → W , the section induced from f : W → P .
Since π ◦ f is finite by Lemma 8.1, we see that ρ is finite and that EW is ample.
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If n = 3, then it follows from [52] that ϕ has no (n − 1)-dimensional fibers.
Therefore we will assume that n ≥ 4; thus dimW ≥ 3 and we infer that PicW ∼= Z
in both cases A) and B). We have det EW = OW (r + α) for some non-negative
integer α.
We claim here that H(EW (−1)) is nef and that EW (−1) is nef. Observe that
H(EW (−1))|Ws = OWs . Since PicPW ∼= Z
⊕2, NE(PW ) is spanned by two rays; one
is spanned by a curve in a fiber of π, and the other is spanned by a curve in a fiber,
e.g., Ws, of ϕW . Hence we have NE(PW ) = NE(PW ), and thus H(EW (−1)) is nef.
Next we claim that α is positive. Assume to the contrary that α = 0: det EW =
OW (r). We have EW ∼= OW (1)
⊕r by [51, Lemma 3.6.1] in the case A) and by
Theorem 2.3 (1) in the case B). Since the projection PW→W has a section Ws
contracted to a point by ϕW , the image ImϕW of ϕW has dimension r−1, and ϕW
is of fiber type. If ϕ is birational, this implies that Im ρ is the exceptional locus of ϕ.
On the other hand, the divisor Im ρ is nef because it is the pull back of a non-zero
effective divisor Imπ ◦ f on M with PicM ∼= Z. This is a contradiction. Therefore
ϕ is of fiber type. Let F be a general fiber of ϕ. Then we find that π(F )∩ Imπ ◦ f
is not empty since F is positive dimensional and Imπ ◦ f is an ample divisor on
M . Hence F ∩ π−1(Imπ ◦ f) 6= ∅, so that ρ−1(F ) 6= ∅. This implies that ϕW is
dominant, and thus dimN = r−1. This is a contradiction. Therefore α is positive.
Let R and C0 be as in § 8. We will show that if we may assume that π(C1) =
C0, then ϕ has no (n − 1)-dimensional fibers; Proposition 18.2 then follows from
Corollary 17.1.
Suppose that π(C1) = C0. Since C1 is an image in P of a line in W , we have
r + α = π∗ det E .C1 = det E .C0 by Corollary 8.5. We see moreover that
α = l(R)− l(R1) ≤ 2
by Lemma 8.7.
Suppose that the case A) holds. Since det EW (−1) = OW (α), we have
KW + det EW (−1) = OW (−n+ 1 + α).
Since n ≥ 4 and α ≤ 2, we have −n+1+α ≤ −1. Since we also have 1 ≤ α, we have
Hi(W,KW + det EW (−1)) = 0 for all i. Since −(KW + det EW (−1)) is ample, it
follows from −KPW = rH(EW (−1))−π
∗
W (KW +det EW (−1)) that −KPW is ample.
Since H(EW (−1)) is nef, this implies that H(EW (−1))
⊗m is spanned for all m≫ 0.
Since dimN = r, we apply Corollary 15.3 (2) to the pair (W, EW (−1)) to see
that EW (−1) is spanned, that h0(EW (−1)) = r + 1, and that EW (−1) fits into the
following exact sequence
0→ (EW (−1))
∗ → O ⊗H0(EW (−1))
∗ → O(α)→ 0.
Since dimW = n − 1, this implies that n ≤ r + 1. On the other hand, we have
n− 1 ≥ r as we noticed at the beginning of the proof. Therefore we have n = r+1,
and moreover H0(EW (−1))∗ → H0(O(α)) is injective. Hence H0((EW (−1))∗) = 0.
Note here that the natural surjection π∗E → L induces a surjection EW (−1) →
OW . Since EW (−1) is spanned, this implies that EW (−1) ∼= OW ⊕ F for some
vector bundle F of rank r − 1 on W . Hence we have H0((EW (−1))∗) 6= 0 since
(EW (−1))∗ ∼= OW ⊕F∗. This is a contradiction.
Suppose that the case B) holds. If α = 2, then l(R) = n + 1, and M ∼= Pn
by Theorem 2.2. Thus C0 is a line in Pn. Hence det E .C0 = r + 2 implies that
det E ∼= O(r + 2). Proposition 15.1 (1) then implies that ϕ has an n-dimensional
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fibers, since n ≥ 4. This is a contradiction. Therefore α = 1. Since EW (−1) is
nef, this implies that EW (−1) is a uniform vector bundle of type (0, . . . , 0, 1). Thus
EW (−1) is spanned by Theorem 2.3 (2). Since we have a surjection EW (−1)→ OW ,
this implies that EW (−1) ∼= OW ⊕ F for some spanned vector bundle F of rank
r−1 onW . Moreover we have F ∼= O⊕(r−2)⊕O(1) by Theorem 2.3, since rankF =
r − 1 ≤ n − 2 < n − 1 = dimW . Therefore we have EW (−1) ∼= O
⊕(r−1) ⊕ O(1)
and we infer that the contraction h different from the projection PW → W is
the blowing-up of Pn+r−2 along a linear subspace of dimension r − 2. Since Ws is
contracted by ϕW , we see that ϕW is factored as ϕW = i◦h for some finite morphism
i : Pn+r−2 → N . Suppose that ϕ is of fiber type. Since l(R1) = n − 1, it follows
from inequality (8.1) in § 8 that a general fiber of ϕ is (n − 2)-dimensional and
dimN = r + 1. Therefore n+ r− 2 ≤ r + 1, i.e., n ≤ 3. This, however, contradicts
the assumption n ≥ 4. Suppose that ϕ is birational. Since l(R1) = n− 1, it follows
again from inequality (8.1) in § 8 that ϕ is divisorial. Moreover every positive
dimensional fiber of ϕ is (n−1)-dimensional. Let E be the exceptional divisor of ϕ.
Since any nonzero effective divisor on M is ample, we infer that π(E) = M . This
implies that there exits an (n−1)-dimensional fiber F of ϕ such that π(F ) * π(W ).
Therefore ϕW must have (n−2)-dimensional fibers. This contradicts the description
ϕW = i ◦ h. This completes the proof of the proposition. 
Proposition 18.3. Suppose that τ ≥ 1, that L.C1 = 1, that l(R1) = n − 1, and
that every fiber of ϕ has dimension ≤ n− 2. Then N is smooth of dimension r+1
and ϕ makes (P,L) a scroll over N . Moreover (M, E) is one of the following:
(1) (P3, N(2)), where N is a null correlation bundle on P3;
(2) (Q3,E(2)), where E is a spinor bundle on Q3;
(3) (Q4,E(2)), where E is a spinor bundle on Q4;
(4) n = 4, r = 3, τ = 1, and either of the following holds:
(a) π(C1) is not a minimal extremal rational curve in M (i.e., in R);
(b) ϕ(l) is not a minimal extremal rational curve in N , where l is a line
in a fiber of π.
Proof. We see immediately by inequality (8.1) in § 8 that ϕ is of fiber type and that
every fiber of ϕ has dimension n− 2. Thus (ϕ−1(z), L|ϕ−1(z)) ∼= (Pn−2,O(1)) for a
general point z ∈ N by Theorem 2.4 (1). Hence Lemma 13.3 shows that ϕ makes
(P,L) a scroll over an (r + 1)-dimensional manifold N . Set ϕ∗L = G; H(G) = L
and G is an ample vector bundle of rank n− 1 on N .
Note that n− 1 = l(R1) ≥ τr ≥ r by (8.3) in § 8, since τ ≥ 1.
Let W be a fiber of ϕ, and set EW = (π∗E)W and PW = P(EW ). Let ρ : PW→P
be the morphism induced from W →֒ P → M by base change π : P→M . Set
ϕW = ϕ ◦ ρ. We have the following commutative diagram
PW
ρ
−−−−→ P
ϕ
−−−−→ N
piW
y ypi
W −−−−→ M.
Since W →֒ P → M is finite by Lemma 8.1, we see that ρ is finite and that EW is
ample. Moreover we see, by the same argument as in the proof of Proposition 18.2,
that EW (−1) is nef. Set det EW (−1) ∼= OW (α) for some non-negative integer α.
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We claim here that α > 0. Assume, to the contrary, that α = 0. Then we have
EW ∼= OW (1)⊕r for any fiber W = ϕ−1(z) of ϕ. Since dimW < n, this contradicts
Lemma 16.2. Hence we have α > 0.
Suppose that we are not in the case (4) (a) of the proposition. Then Corol-
lary 17.1 implies that we may assume that π(C1) = C0. Note that C1 is a line in
W . We have r + α = π∗ det E .C1 = det E .C0 by Corollary 8.5. Moreover we have
α = l(R)− l(R1) ≤ 2
by Lemma 8.7.
If α = 2, then l(R) = n+ 1 and Theorem 2.2 implies that M ∼= Pn. Since C0 is
now a line in Pn, det E .C0 = r + 2 implies that E ∼= O(r + 2). Therefore n = 3 and
E ∼= N(2) by Proposition 15.1 (1), since ϕ has no n-dimensional fibers. This is the
case (1) of the proposition.
We will assume that α = 1 in the following. We have l(R) = n. Since EW (−1)
is nef, this implies that EW (−1) is a uniform vector bundle of type (0, . . . , 0, 1).
Hence EW (−1) is spanned by Theorem 2.3 (2). On the other hand, EW (−1) has an
OW as a quotient, induced from the natural surjection EW → LW . Since EW (−1)
is spanned, this implies that EW (−1) ∼= OW ⊕ F for some spanned vector bundle
F of rank r − 1 on W . Since F is a uniform vector bundle of type (0, . . . , 0, 1) of
rank r − 1 ≤ n− 2 = dimW , we infer that F is either O⊕(r−2) ⊕O(1) or TW (−1)
by Theorem 2.3.
Suppose that EW (−1) ∼= O⊕(r−1)⊕O(1). Then we have n+r−3 = dim ImϕW ≤
dimN = r + 1, i.e., n ≤ 4. Thus we have
3 ≥ n− 1 ≥ τr ≥ r ≥ 2.
If r = 3, then τ = 1 and n = 4. Since dim ImϕW = dimN in this case, we see,
moreover, that N ∼= Pr+1 by Lazarsfeld’s theorem [36, Theorem 4.1]. Since we have
−KP = (n − 1)L − ϕ∗(KN + detG) in this case, we infer that KN + detG = 0.
Therefore detG ∼= O(5) ∼= O(r + 2). Now Proposition 15.1 (1) implies that π has
a fiber of dimension = dimN , a contradiction. Therefore we have r = 2; we have
det E .C0 = r + α = 3. If n = 4, then (−KM − det E).C0 = 1 since l(R) = 4.
Set A = −KM − det E . Then A is ample and we have KM + 4A = 0. Therefore
we have (M,A) ∼= (Q4,O(1)) by Theorem 2.4 (2). Thus det E ∼= O(r + 1). Now
Proposition 15.1 (2) implies that E ∼= E(2). This is the case (3) of the proposition.
If n = 3, then τ = 1. Since l(R) = n, it follows from [52] that (M, E) ∼= (Q3,E(2)).
This is the case (2) of the proposition.
Suppose that EW (−1) ∼= OW ⊕ TW (−1). Then we have r = n − 1 and τ = 1.
Let ϕW = h ◦ g be the Stein factorization of ϕW , where g : PW → N˜ has connected
fibers, N˜ is normal, and h : N˜ → N is finite. We see that N˜ ∼= Pn−1 since
EW (−1) ∼= OW ⊕ TW (−1) and the section Ws of πW corresponding to the quotient
EW (−1) → OW is contracted by ϕW . Set y = g(Ws). We see that every fiber of
πW is mapped isomorphically onto an hyperplane in N˜ ∼= Pn−1 passing through y.
Assume that we are not in the case (4) (b) either. Then we may assume, by the
consideration above, that GF (−1) ∼= OF ⊕ TF (−1) for any fiber F of π. Moreover
we may assume that TF (−1) is not a line bundle, i.e., that r− 1 = dimF ≥ 2. Now
(G ⊗ ON˜ )|Hy is isomorphic to OHy (1) ⊕ THy for any hyperplane Hy in N˜
∼= Pn−1
passing through y. Note here that for any line in Pn−1 there exists an hyperplane
Hy containing the line and y, since n− 1 ≥ r ≥ 3. Therefore G ⊗ ON˜ is a uniform
vector bundle of type (1, . . . , 1, 2) of rank n−1 = dim N˜ , and thus it is isomorphic to
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either O(1)⊕(n−2)⊕O(2) or TPn−1 by Theorem 2.3 (2). Here consider the composite
π˜ of the morphism P(G ⊗ ON˜ ) = P ×N N˜ → P and the projection π : P → M .
Note that g : PW → N˜ induces a finite morphism PW → P ×N N˜ and that any
image via this finite morphism of any fiber of πW is contracted by π˜. Thus if
G ⊗ ON˜
∼= O(1)⊕(n−2) ⊕ O(2), then π˜ contracts an (n − 1)-dimensional section
corresponding to a quotient G⊗ON˜(−1)→ O, which implies that π has an (n−1)-
dimensional fiber, a contradiction. If G ⊗ ON˜
∼= TPn−1 , then the image of π˜ has
dimension n− 1. Let DN denote a divisor defined as the image of N˜ → N and set
DP = ϕ
∗DN . Since dim Im π˜ = n− 1, we have dimπ(DP ) = n− 1. On the other
hand, we see that π(DP ) =M , since DP .l = DN .ϕ∗(l) > 0 for any line l in a fiber
of π. This is a contradiction. Therefore this case does not occur either. 
Finally we end this section with some examples, which show that if we remove
the assumption τ ≥ 1 then there are other examples in Propositions 18.2 and 18.3.
Example 18.4. Let E be an ample vector bundle of rank r on M = P2 defined by
the following exact sequence:
0→ O(−1)→ O(1)⊕(r+1) → E → 0.
Then P = P(E) is a divisor of bidegree (2, 1) in P2 × Pr, and ϕ is the composite of
the embedding P ⊂ P2 × Pr and the projection P2 × Pr → Pr. We see that ϕ is a
conic bundle and that its discriminant locus D is a hypersurface of degree three in
Pr. Therefore ϕ has a singular fiber and C1 is a line in a singular fiber of ϕ. We
have L.C1 = 1 and l(R1) = 1 = n − 1, where n = dimM = 2. Finally we have
τ = 3/(r + 2) ≤ 3/4 < 1 since r ≥ 2.
Example 18.5. Set M = P3 and E = ΩP3(3). Then τ = 4/5 < 1.
19. The case l(R1) = n− 2
Let M be a Fano manifold of Picard number one and E an ample vector bundle
of rank r onM . Suppose that τ ≥ 1, and let π : P →M , L, R1, C1, and ϕ : P → N
be as in § 8. Suppose that L.C1 = 1, that l(R1) = n− 2. We have
n− 2 = l(R1) ≥ τr ≥ r
by (8.3) in § 8, since τ ≥ 1. In this section, we assume that τr ≥ n− 2 and prove
Theorem 1.3 in this case.
If r = n − 2, then τ = 1, and we have the case (18) of Theorem 1.3. In the
following, we assume that r ≤ n− 3. Since τr = n− 2, this implies that τ > 1.
Since we have
(τ − 1) det E .π∗(C1) = −π
∗(KM + det E) = −KP .C1 − rL.C1 = n− 2− r,
it follows from τ > 1 that det E .π∗(C1) = r; we see therefore that C1 → π(C1) is
birational and that det E .π(C1) = r. Hence we have −KM .π(C1) = τ det E .π(C1) =
n− 2 and thus l(R) = n− 2. Set C0 = π(C1).
Let Az be an irreducible component of a positive dimensional fiber ϕ
−1(z) of
ϕ, and f : W→P the composite of the normalization W→Az and the inclusion
Az →֒ P . Since π∗ det E .C1 = r = rL.C1, we have det(π∗E)|Az ∼= rL|Az . Hence we
have det EW ∼= rLW , where EW and LW denotes (π ◦ f)∗E and f∗L respectively.
Suppose that dimAz = n. Then, by Lemma 13.1, we see that π ◦ f : W→M is
an isomorphism.
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If, moreover, every fiber of ϕ is n-dimensional, it follows from Lemma 16.1 that
M is a Fano manifold of index n− 2, i.e., a Mukai manifold, and E ∼= A⊕r for the
ample generator A of PicM . This is the case (17) of Theorem 1.3.
If, moreover, a general fiber of ϕ has dimension less than n, then we have r ≥
2. Let C′1 be the rational curve on W corresponding to C0 via the isomorphism
π ◦ f :W ∼=M . Since −KM .C0 = n− 2, we have −KW .C′1 = n− 2. Let C˜1 → C1,
C˜′1 → C
′
1, and C˜0 → C0 be the normalizations. We can regard C˜1 and C˜
′
1 as
sections of P(E ⊗ OC˜0) → C˜0. Since det E .C0 = r, we have E ⊗ OC˜0
∼= O(1)r.
Hence C˜1 and C˜′1 are rationally equivalent, so that L.C
′
1 = 1. Therefore we have
KW + (n− 2)LW = 0. In particular we see that hn(W,−(n− 2)LW ) = 1. On the
other hand, since a general fiber of ϕ has dimension < n, we have hn(W,−tLW ) = 0
for all t ≤ n − 2 by [54, Lemma 4]. This is a contradiction. Hence this case does
not occur.
Let us assume that ϕ has no n-dimensional fibers in the following; hence we
may assume that n ≥ r + 3 ≥ 5. Since dimAz ≤ n − 1, it follows from inequality
(8.1) in § 8 that for a general point x ∈ Az there exists a rational curve C′1 such
that −KP .C′1 ≤ n. Since −KP .C
′
1 = (n − 2)L.C
′
1, if L.C
′
1 ≥ 2, then we have
2(n− 2) ≤ n, i.e., n ≤ 4. This is a contradiction. Hence we have L.C′1 = 1 for such
a curve C′1; this implies that we may regard C
′
1 as C1, and thus we may assume
that for a general point x ∈ Az there exists a C1 passing through x.
Suppose that ϕ is birational. Since we have det (π∗E)|Az ∼= rL|Az , we have
EC˜1
∼= OC˜1(1)
⊕r, where C˜1 → C1 denotes the normalization. This implies that
π−1(π(C1)) is contained in the exceptional locus of ϕ. Since an irreducible family
of C1 dominates Az, we infer that π
−1(π(Az)) is contained in the exceptional locus
of ϕ. Suppose that ϕ has an (n − 1)-dimensional fiber and that dimAz = n − 1.
Then codim(π−1(π(Az)), P ) = 1 and thus ϕ is divisorial. Since the exceptional
locus of ϕ is irreducible if ϕ is divisorial, we see that π−1(π(Az)) is the exceptional
divisor of ϕ. On the other hand, since PicM ∼= Z, a nonzero effective divisor π(Az)
is ample. Hence π−1(π(Az)) is nef. This is a contradiction. Therefore this case
does not happen. Suppose that every positive dimensional fiber of ϕ has dimension
≤ n − 2. Then it follows from inequality (8.1) in § 8 that ϕ is divisorial and that
every positive dimensional fiber of ϕ is equidimensional of dimension n − 2. Let
E denote the exceptional divisor of ϕ, and Az any irreducible component of any
positive fiber ϕ−1(z) of ϕ. Then, as we have seen as above, π−1(π(Az)) is contained
in the exceptional locus E of ϕ. Hence we have π−1(π(E)) ⊆ E and thus we have
π−1(π(E)) = E. This is a contradiction for the same reason as above. Hence this
case does not occur either. Therefore ϕ cannot be birational.
Suppose that ϕ is of fiber type and that a general fiber of ϕ has dimension
n − 1; hence we see that dimN = r. We will denote by W a general fiber of ϕ.
Since KW + (n − 2)LW = 0, (W,LW ) is a Del Pezzo manifold. The classification
of Del Pezzo manifolds (see, e.g., [18, (8.11)]) then implies that PicW ∼= Z since
n ≥ 5. Set PW = P(EW ). Note that −KPW = rH(EW ) + (n− 2− r)π
∗
WLW , where
πW : PW →W is the projection, because det EW ∼= rLW . Hence we see that PW is
a Fano manifold of Picard number two. Let ρ : PW→P be the morphism induced
from π◦f : W→M by base change π : P→M . Observe here that the image Imϕ◦ρ
of PW via the composite ϕ ◦ ρ of ρ and ϕ has dimension either r − 1 or r. Let Ws
denote the section of πW : PW →W induced from the inclusion f : W →֒ P ; Ws is
also a fiber of ϕ ◦ ρ. Note here that H(EW ⊗ L
−1
W )|Ws = 0. Hence H(EW ⊗ L
−1
W ) is
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nef, and we infer that there exists a positive integer m0 such that H(EW ⊗L
−1
W )
⊗m
is spanned for all integers m ≥ m0. We have Hi(PW , H(EW ⊗ L
−1
W )
⊗t) = 0 for
i > 0 and t > 0. Moreover we see that Hi(W,KW ⊗ det(EW ⊗ L
−1
W )) = 0 for
i < dimW and that hn−1(W,KW ⊗ det(EW ⊗ L
−1
W )) = 1. Therefore it follows
from Corollary 15.3 that EW ⊗ L
−1
W
∼= O⊕rW . This however contradicts Lemma 16.2
because dimW < n.
Suppose that a general fiber W of ϕ has dimension n − 2. Since KW + (n −
2)LW = 0, it follows from Theorem 2.4 (2) that (W,LW ) ∼= (Qn−2,O(1)). Since
det EW ∼= rLW , we see that EW ∼= OW (1)⊕r by [51, Lemma 3.6.1]. This contradicts
Lemma 16.2.
Suppose that a general fiberW of ϕ has dimension n−3. SinceKW+(n−2)LW =
0, it follows from Theorem 2.4 (1) that (W,LW ) ∼= (Pn−3,O(1)). Since det EW ∼=
rLW , we see EW ∼= OW (1)⊕r by Theorem 2.3 (1); this contradicts Lemma 16.2.
20. Lemma on a quadric fibration
Let ψ :M → S be a projective morphism of smooth algebraic varieties, and sup-
pose that every closed fiber of ψ is anm-dimensional smooth hyperquadric in Pm+1.
We will call such a fibration ψ a quadric fibration. Let p be an arbitrary closed
point of S. As an analogue of Brauer-Severi schemes, it seems to be reasonable to
consider the following problem:
Problem 20.1. Does there exist an e´tale finite covering U → U ′ of some neigh-
borhood U ′ of p such that on the fiber product M ×S U , denoted by MU , there
exists a line bundle A such that A|F˜ = O(1) for any closed fiber F˜ of MU → U ?
If such an e´tale covering of S exists, we will say, in this paper, that ψ is a quadric
fibration in the e´tale topology. Simply replacing the e´tale topology to the complex
topology, we will also use the phrase “a quadric fibration in the complex topology”.
The following lemma gives a sufficient condition for the affirmative answer of
this problem. In general, I do not know its answer.
Lemma 20.2. Let ψ be as above. Assume moreover that the relative Picard number
ρ(M/S) is one. Suppose that there exists a locally free sheaf E of rank r ≤ m on M
such that E|F ∼= O(1)⊕r for any closed fiber F of ψ. Then ψ is a quadric fibration
in the e´tale (or complex) topology.
Proof. Denote by P the projective space bundle P(E) associated to E . Let π : P →
M be the projection and L the tautological line bundle on P associated to E . By
assumption, we see that L is ample over S and that the relative Picard number
ρ(P/S) of P over S is two. Note here that −(KM + det E) is ψ-nef since m ≥ r.
Thus −KP is ψ ◦ π-ample. Therefore NE(P/S) is spanned by two extremal rays
Rpi and R1, where Rpi corresponds to the projection π : P→M and R1 is the other
ray.
Let ϕ : P → N be the contraction morphism of R1 over S and π′ : N → S the
structural morphism. We have the following commutative diagram
(20.1)
P
ϕ
−−−−→ Nypi ypi′
M
ψ
−−−−→ S.
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Let C1 be a minimal extremal rational curve of R1. Then π(C1) is a rational curve
contracted by ψ. We have
−KP .C1 = rL.C1 + ((m/r) − 1) det E .π∗(C1).
Therefore l(R1) ≥ m since m/r ≥ 1. Note that, although P itself may not be
complete, we can apply Theorem 2.1 since P is smooth and projective over S.
Therefore, as in § 8, we see that l(R1) ≤ dimF (ϕ) + 1 ≤ m+ 1 for any irreducible
component F (ϕ) of any positive dimensional closed fiber of ϕ. Denote by F the
closed fiber of ψ containing π(F (ϕ)).
We claim here F (ϕ)red is isomorphic to F via π. Since E|F ∼= O(1)⊕r , we see
that F (ϕ) is contained in P(E|F ) = F × Pr−1. Note here that F (ϕ) is contracted
by ϕ|P(E|F ) which is different from the projection P(E|F ) → F . If m 6= 2, then
Pic(F ) ∼= Z, so that we see immediately that ϕ|P(E|F ) is factored as ϕ|P(E|F ) = g ◦f ,
where f : P(E|F ) = F × Pr−1 → Pr−1 is the projection and g : Pr−1 → π′
−1
(ψ(F ))
is a finite unibranch (i.e., set-theoretically one to one) morphism. Hence we infer
that F (ϕ)red ∼= F . If m = 2, then F ∼= P1 × P1. If dimF (ϕ) = 2, then we see,
as above, that F (ϕ)red ∼= F . We will show that the case dimF (ϕ) = 1 does not
happen. Assume to the contrary that dimF (ϕ) = 1. Then ϕ|P(E|F ) is factored as
ϕ|P(E|F ) = g ◦f , where f : P(E|F ) = P
1×P1×Pr−1 → P1×Pr−1 is a projection and
g : P1 × Pr−1 → π′−1(ψ(F )) is a finite unibranch morphism. Hence F (ϕ)red ∼= P1.
Since ϕ is different from ψ, we see that r ≥ 2. This implies that r = 2, since
r ≤ m = 2. Moreover we see, by Theorem 2.1, that l(R1) = m, that L.C1 = 1,
and that ϕ is of fiber type. If ϕ has a two-dimensional irreducible component Fϕ
(with reduced structure) of a positive dimensional fiber of ϕ, then it follows from
Lemma 13.4 that F˜ϕ ∼= P2 where F˜ϕ → Fϕ is the normalization. On the other hand,
we must have Fϕ ∼= F ∼= P1×P1 as in the case dimF (ϕ) = 2. This is a contradiction.
Hence every fiber of ϕ has dimension one. Note here that EF (ϕ)red
∼= O(1)⊕2.
Denote by z the point ϕ(F (ϕ)). We see that ϕ(π−1(π(ϕ−1(z)))) is of codimension
one in π′
−1
(ψ(F )). Now take a subvariety S′ of N such that S′ → S is finite
over a Zariski dense open subset S0 of S containing π
′(z); we can take such a
subvariety S′ since π′ is projective. Set M0 = ψ
−1(S0). Since M0 is a Zariski
dense open subset of M and M is smooth and algebraic, every Cartier divisor on
M0 can be extended to a Cartier divisor on M . Hence we see that the restriction
map Pic(M/S)→ Pic(M0/S0) is surjective. Therefore the relative Picard number
ρ(M0/S0) is also one. Replacing S with S0, we may assume that S
′ → S is finite.
Set DM = π(ϕ
−1(S′)) with the reduced structure. Then DM is a prime divisor on
M . Set DP = π
∗DM ; DP is also a prime divisor on P . Now set DN = ϕ(DP ).
Then we see, by the consideration above, that DN is also a prime divisor on N and
that ϕ∗(DN ) = DP . Since ρ(P/S) = 2, this implies that DP = 0, i.e., DP = ∅ as
sets, which is a contradiction. Therefore the case dimF (ϕ) = 1 does not happen,
and thus we conclude that F (ϕ)red ∼= F via π; as consequences, we see also that
L|F (ϕ)red
∼= O(1) since E|F ∼= O(1)⊕r. We also observe that every fiber of ϕ is
irreducible since the finite morphism g above is unibranch.
Now we apply Fujita’s argument in the proof of [16, Lemma (2.12)] to show that
every fiber of ϕ is reduced. Let z be an arbitrary point of N , and let F (ϕ) be a
total fiber of ϕ over z; we know that F (ϕ)red is a smooth hyperquadric and that
L|F (ϕ)red
∼= O(1). In this paragraph, we may assume that L is ample by replacing
L with tensor product of L with the pull back of sufficiently ample line bundle on
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N . Take a large integer a such that aL is very ample and let D1, . . . , Dm be a
general member of |aL|. Set M ′ = D1 ∩ · · · ∩ Dm. Then M ′ is nonsingular and
M ′ ∩ F (ϕ)red is a nonsingular subscheme consisting of 2am points. Take a small
enough neighborhood V of z with respect to the metric topology such that any
connected component Vλ of ϕ
−1(V ) ∩M ′ meets F (ϕ)red at only one point. Let
ϕλ be the restriction of ϕ to Vλ. We may assume that ϕλ is a finite morphism
of degree mλ. Since the number of λ’s are equal to ♯(M
′ ∩ F (ϕ)) = 2am, we see
that deg(ϕ|M ′ ) =
∑
λmλ ≥ 2a
m. On the other hand, a general fiber Fg of ϕ is
a smooth hyperquadric and L|Fg ∼= O(1). Hence deg(ϕ|M ′ ) = 2a
m. Therefore
mλ = 1 for all λ, and thus ϕλ : Vλ → V is bimeromorphic. By the analytic version
of Zariski Main Theorem, we infer that ϕλ is biholomorphic. Hence N is smooth.
Furthermore we see F (ϕ)∩Vλ consists of only one point scheme-theoretically since
ϕλ is biholomorphic. This implies that F (ϕ) is generically reduced. SinceM and N
are smooth and dimF (ϕ) = dimM−dimN , we infer that F (ϕ) is Cohen-Macaulay.
Therefore F (ϕ) is reduced.
By the consideration above, we see that for any closed fiber F of ψ the induced
morphism P(E|F )→ π′
−1
(ψ(F )) is nothing but the projection P(E|F ) = F×Pr−1 →
Pr−1: every closed fiber of π′ is isomorphic to Pr−1. In particular, π′ is flat. Here
we apply Theorem 4.4. Let p be a closed point of S. For a suitable finite e´tale
covering U → U ′ over a small open neighborhood U ′ of p, the fiber product N×SU ,
denoted by NU , is isomorphic to Pr−1 × U . Let ONU (1) be the tautological line
bundle associated to the projective space bundle NU → U . Consider the following
commutative diagram obtained from the diagram (20.1) by the base change U →
U ′ ⊂ S.
PU
ϕU
−−−−→ NUypiU ypi′U
MU
ψU
−−−−→ U.
Now the line bundle L⊗ϕ∗UONU (−1) is trivial on each closed fiber of πU . Therefore
we obtain a line bundle A on MU such that L ⊗ ϕ∗UONU (−1) = π
∗
UA. Since
A|F˜
∼= O(1) for every closed fiber F˜ of ψU , this implies that ψ is a quadric fibration
in the e´tale topology.
Finally, for the case of the complex topology, it is easy to see that π′ is locally
trivialized in the complex topology. Hence the same argument as above shows that
ψ is a quadric fibration in the complex topology. This completes the proof. 
21. The case dimF − 1 < τr ≤ dimF
Let M , E , and ψ :M→S be as in § 5.
If ψ is of fiber type and dimF − 1 < τr ≤ dimF , we can give the following
proposition.
Proposition 21.1. Suppose that τ ≥ 1, that ψ is of fiber type, and that dimF−1 <
τr ≤ dimF for a general fiber F of ψ. Set d = pτrq = dimF . Then S has only
rational Gorenstein singularities. Let U denote the largest open subset of S such
that ψ−1(U)→ U is smooth. Then we have the following:
(1) ψ−1(U)→ U is a Pd-fibration in the e´tale (or complex) topology. Moreover
we have codim(S \ U, S) ≥ 3. In particular we see that
(a) if d = n− 1, then ψ is the Pn−1-bundle in the Zariski topology;
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(b) if d = n− 2, then every closed fiber of ψ is isomorphic to Pn−2;
(c) if d = n− 3, then ψ has at most finite number of singular fibers.
Concerning E and the value of τr, we have either of the following:
(i) E|F ∼= TPd for every closed fiber F of ψ
−1(U)→ U , and τr = d;
(ii) E|F ∼= O(1)⊕(r−1)⊕O(2) for every closed fiber F of ψ−1(U)→ U , and
and τr = (d+ 1)r/(r + 1) > d− 1 (and hence d ≥ r > (d− 1)/2);
(2) ψ−1(U) → U is a quadric fibration in the e´tale (or complex) topology (see
§ 20), and for every closed fiber F of ψ−1(U)→ U we have E|F ∼= O(1)⊕r,
and τr = d. Moreover we have codim(Sing S, S) ≥ 3 if d ≥ 3. Further-
more if d = n − 1 then there exists a line bundle OM (1) on M such that
OM (1)|F ∼= OQ(1) for every fiber F of ψ and that E ∼= ψ
∗E ′ ⊗ OM (1) for
some vector bundle E ′ of rank r on S.
Proof. It follows immediately from Proposition 4.2 that S has only rational Goren-
stein singularities.
Let F0 be a closed fiber of ψ
−1(U)→U . Then dimF0 = d and KF0 +τ det E|F0 =
0; since τ ≥ 1, it follows from the case n− 1 < τr ≤ n that (F0, E|F0) and the value
of τr are one of the following:
1) (Pd, TPd), and τr = d;
2) (Pd,O(1)⊕(r−1) ⊕ O(2)), and τr = (d + 1)r/(r + 1) > d − 1 (and hence r >
(d− 1)/2);
3) (Qd,OQ(1)⊕r), and τr = d;
4) (P(F), H(F) ⊗ ψ′∗G),where F is a vector bundle of rank d on a smooth proper
curve C, ψ′ : P(F)→C is the projection, and G is a vector bundle of rank r on C,
and τr = d.
We will show that F0 cannot be isomorphic to a scroll P(F) over a curve C.
Suppose, to the contrary, that F0 = P(F); in particular we assume that d ≥ 2.
Here we also assume that F0 is not isomorphic to a quadric surface Q2. Then we
see first that h1(OC) = h1(OF0) = 0 since F0 is Fano. Hence C = P
1. Thus
F is a direct sum of line bundles: F = ⊕di=1O(fi). Here we may assume that
f1 ≤ · · · ≤ fd. Since F0 is Fano and ω
−1
F0
= H(F)⊗d ⊗ ψ′∗O(2 −
∑d
i=1 fi), we have
0 < df1+2−
∑d
i=1 fi. Therefore (f1, . . . , fd) is either (f1, . . . , f1) or (f1, . . . , f1, f1+
1). Hence we may assume that (f1, . . . , fd) is either (1, . . . , 1) or (1, . . . , 1, 2). Since
d ≥ 2 and E|F0 = H(F)⊗ ψ
′∗G, this implies that G is a direct sum of line bundles
of non-negative degrees. Since τr = d, we observe that 0 = KF0 + τ det E|F0 =
ψ′∗(KP1 + detF + τ detG). This shows that degF − 2 ≤ 0, and hence we have
F ∼= O(1)⊕2. Therefore F0 = Q2, a contradiction.
Let F1 be any other fiber of ψ
−1(U)→U over a closed point p ∈ U ; F1 is isomor-
phic to either Pd or Qd. Extending OF1(1) to a line bundle on a small neighborhood
of F1 in the complex topology and looking at the degree and Fujita’s delta genus
with respect to the extended line bundle, we find that any fiber over a closed point
in a small neighborhood of p is isomorphic to F1. Since U is connected, this implies
that any smooth closed fiber F1 of ψ is isomorphic to F0. Thus ψ
−1(U)→U is
a Pd-fibration or a quadric fibration. Moreover it follows from Theorem 4.4 and
Lemma 20.2 that ψ−1(U)→U is a Pd-fibration or a quadric fibration in the e´tale
(or complex) topology (it is easy to see that ψ−1(U)→U is a Pd-fibration in the
complex topology in case every fiber of ψ−1(U)→U is Pd).
Let S2 be the intersection D1 ∩ · · · ∩ Dn−d−2 of general very ample divisors
D1, . . . , Dn−d−2 of S. We claim here that the restricted morphism ψ
−1(S2)→S2
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is the contraction morphism of an extremal ray unless d = 2 and ψ−1(U)→U is
a quadric fibration. Here we consider a conic fibration as a P1-fibration; hence
if ψ−1(U)→U is a quadric fibration we assume that d ≥ 2. Now suppose that
ψ−1(S2)→S2 is not elementary. Then by applying Proposition 4.3 to an (d + 2)-
dimensional manifold ψ−1(S2), we have d+ 1 < (d + 3)/2 in case ψ
−1(U)→U is a
Pd-fibration, and d < (d+3)/2 in case ψ−1(U)→U is a quadric fibration. Therefore
d = 2 and ψ−1(U)→U must be a quadric fibration. This proves the claim.
Now suppose that the restricted morphism ψ−1(S2)→S2 is the contraction mor-
phism of an extremal ray. It follows from Proposition 4.2 that S2 is smooth. There-
fore codim(Sing S, S) ≥ 3.
Let S1 be a general very ample divisor on S2. Then the restricted morphism
ψ−1(S1)→S1 is a contraction of an extremal ray unless d = 2 and ψ−1(U)→U is a
quadric fibration; indeed, if this is not elementary, again by applying Proposition 4.3
to an d + 1-dimensional manifold ψ−1(S1), we have d + 1 ≤ (d + 2)/2 in case
ψ−1(S1)→S1 is a Pd-fibration and d ≤ (d + 2)/2 in case ψ−1(S1)→S1 is a quadric
fibration. Therefore d = 2 and ψ−1(U)→U is a quadric fibration.
Suppose that ψ−1(S1)→S1 is elementary in the following; note here that if d =
n − 1 then S1 = S and ψ−1(S1) = M so that ψ−1(S1)→S1 is elementary even
if d = 2 and ψ−1(U)→U is a quadric fibration. Let U1 denote the largest open
subset of S1 such that ψ
−1(U1)→U1 is smooth. Here we see by Theorem 4.4 and
Lemma 20.2 that ψ−1(U1)→U1 is, in the e´tale topology, a Pd-bundle or a quadric
fibration, and on the space ψ−1(V ) = V ×U1 ψ
−1(U1) over any small e´tale open set
V of U1 exists a line bundle HV such that the restriction of HV to any closed fiber
of ψ−1(V )→V is isomorphic to O(1). Since dimU1 = 1, Tsen’s theorem implies
that H2(U1et,Gm) = 0, where U1et denotes U1 with e´tale topology. (See, e.g., [39,
III, p.108].) Hence modifying a glueing, if necessary, we can glue these HV ’s in the
e´tale topology. Moreover it follows from [39, III.4.9] that H1(ψ−1(U1)et,Gm) =
H1(ψ−1(U1)Zar,O×) = Picψ−1(U1). Hence there exists an algebraic line bundle
H on ψ−1(U1) such that H |F = OF (1) for any closed fiber F of ψ−1(U1)→U1.
Since ψ−1(S1) is smooth and H is algebraic, we can extend H to a line bundle on
ψ−1(S1), which we also denote by H by abuse of notation.
Let F ′ be an arbitrary closed fiber of ψ−1(S1)→S1. Then F
′ is irreducible and
reduced; indeed, if F ′ were decomposed as F ′1 + F
′
2, then the Cartier divisor F
′
1 of
ψ−1(S1) would satisfy the condition F
′
1.C
′
0 = 0 for a curve C
′
0 in a general fiber of
ψ−1(S1)→ S1, so that F ′1 itself must be a fiber of ψ
−1(S1)→ S1, a contradiction.
If ψ−1(U1)→U1 is a Pd-fibration, then its closed fiber (F,H |F ) has Fujita’s delta
genus ∆(F,H |F ) = 0 and degree H |dF = 1, and therefore (F
′, H |F ′) also has the
same delta genus and degree, so that (F ′, H |F ′) ∼= (Pd,O(1)). Thus ψ−1(S1)→S1
is a Pd-bundle in the Zariski topology. If ψ−1(U1)→U1 is a quadric fibration, then
the polarized variety (F,H |F ) has Fujita’s delta genus ∆(F,H |F ) = 0 and degree
H |dF = 2, and therefore (F
′, H |F ′) ∼= (Qd,O(1)), which may be singular. Since we
have KF ′ + τ det E|F ′ = 0 by the adjunction formula and we have τr = d, we infer
that det E|F ′ = O(r). Therefore E|F ′ is isomorphic to O(1)⊕r by [51, Lemma 3.6.1]
(note that [51, Lemma 3.6.1] also holds for a singular hyperquadric Q, which can
be shown easily by the induction on dimSingQ). Hence if d = n − 1, E can be
written in the form ψ∗E ′ ⊗H for some vector bundle E ′ of rank r on S.
Suppose that ψ−1(U)→U is a Pd-fibration. Since ψ−1(S1)→S1 is a Pd-bundle,
ψ−1(S2)→S2 has at most a finite number of singular fibers. Moreover ψ
−1(S2)→ S2
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has no divisorial fibers since ψ−1(S2)→ S2 is elementary. Hence ψ−1(S2)→ S2 has
equidimensional fibers. Therefore we infer that every closed fiber F ′ of ψ−1(S2)→S2
is isomorphic to Pd−1 by the same argument as in [3, §2.2, e-mail note of T. Fujita].
Hence S2 ⊂ U and codim(S \ U, S) ≥ 3.
Finally, since the intersection number (H(E(−H))|(ψ◦pi)−1(t))
2d−1 is constant for
all t ∈ U , we obtain the cases (i) and (ii) of the proposition. 
22. The case n− 1 < τr ≤ n− 1 and dimS > 0.
Let ψ :M→S be as in § 5. We will give a proof of Theorem 1.3 in case n− 2 <
τr ≤ n− 1 and dimS > 0. By inequality (5.1) in § 5, we have two cases:
1) ψ is of fiber type and 1 ≤ dimS ≤ 2;
2) ψ is divisorial and contracts E(R) to a point.
For the case 2), we have already seen in § 6 that S is smooth, that ψ is the blowing
up at a point, that τr = n−1, that E ∼= ψ∗E ′⊗O(−E) for some ample vector bundle
E ′ of rank r on S, and that τ(S, det E ′)r ≤ n−1. Suppose that τ(S, det E ′)r = n−1,
and setM1 = S and E1 = E ′. We will determine the structure of (M1, E1) in § 22.1,
to obtain the case (12) of Theorem 1.3.
Suppose that we are in the case 1) and that ψ is of fiber type. If dimS = 1,
then we can apply Proposition 21.1 to obtain the cases (8), (9) and a part of (10)
of Theorem 1.3. If dimS = 2, it follows from Proposition 3.1 that every closed
fiber F of ψ is isomorphic to Pn−2 and that E|F ∼= O(1)⊕r. This is the case (11) of
Theorem 1.3.
Remark 22.1. Suppose that ψ is of fiber type and that dimS = 2. If r and n− 1
are coprime, there exist integers a and b such that −a(n − 1) + br = 1. Hence
aKM + b det E makes ψ in fact a Pn−2-bundle in the Zariski topology. On the
contrary, if r and n− 1 are not coprime, does there always exist a pair of an ample
vector bundle E and ψ such that ψ is a Pn−2-bundle not in the Zariski topology
but in the e´tale topology ? If r = n− 2 = 2, an example is shown in [3]
22.1. More on divisorial case. Let ψ :M →M1, E, and (M1, E1) be as in § 6.
Note that there exists no rational curve l1 passing through ψ(E) such that E1|l1
has an Ol1(1) as a quotient line bundle since E
∼= ψ∗E1 ⊗O(−E) and E is ample.
Suppose that τ(M1, det E1)r = n−1 and that (M1, E1) has a divisorial elementary
contraction. The note above then implies that the exceptional divisor E1 of M1
does not contain ψ(E).
Suppose that τ(M1, det E1)r = n − 1 and that every elementary contraction of
(M1, E1) is of fiber type. Then for every point p of M1 there exists an extremal
rational curve passing through p; in particular, M1 contains an extremal rational
curve l1 passing though ψ(E). Since we must have det E1.l1 ≥ 2r by the note above,
we have 2(n − 1) = 2τ(M1, det E1)r ≤ τ(M1, det E1) det E1.l1 = −KM1 .l1 ≤ n + 1.
Hence n ≤ 3. Now we use the assumption that τ ≥ 1; since τ ≥ 1, we have
n − 1 = τr ≥ r, and thus r ≤ 2. Suppose that n = 3. The note above and the
classification given in the case 1) of § 22 implies that ρ(M1) cannot be bigger than
one (note that in the case (10) of Theorem 1.3 we have r = n − 1 if τr = n − 1).
Hence ρ(M1) = 1. Suppose moreover that r = 2. Then τ = 1. The note above and
the classification given in § 12 and 18 then implies that (M1, E1) ∼= (P3,O(2)⊕2).
Suppose moreover that r = 1. Then KM1 + 2E1 = 0. Hence (M1, E1) is a Del
Pezzo 3-fold of degree E31 = E
3 + 1 ≥ 2. If 2 ≤ E31 ≤ 7, we can deduce from
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the classification [18], [25] of Del Pezzo 3-folds that for each point x ∈ M1 there
is a line passing through x. This contradicts the note above. Hence E31 = 8 and
(M1, E1) ∼= (P3,O(2)). If n = 2, since every elementary contraction ofM1 is of fiber
type by assumption, M1 is isomorphic to P2 or a scroll over a curve; if M1 ∼= P2
then E1 ∼= O(3) and if M1 is a scroll then E1|F ∼= OF (2) for every fiber F of the
scroll.
Summing up, we can repeat this process (divisorial case) until strict inequality
τ(Mk, det Ek)r < n− 1 holds, unless one of the following holds:
1) M1 ∼= P3 and E1 ∼= O(2) or O(2)⊕2;
2) (Mk, Ek) ∼= (P2,O(3)) (1 ≤ k ≤ 8);
3) Mk is a P1-bundle over a curve and Ek|F ∼= OF (2) for every fiber F of the
projection. 
Remark 22.2. Suppose that (M, E) has one of the structures of type (8), (9), (10),
(11), (12) (d) of Theorem 1.3; here we only assume the structure of (M, E) with
r ≤ n − 1 and not the nef value to satisfy τr = n − 1. Then we have τr = n − 1
unless (M, E) is one of the following: (P1×P1,O(1)⊠O(2)); (P2×P1,O(1)⊠O(1));
or (P2 × P1, (O(1) ⊠ O(1))⊕2). Namely if we suppose moreover that τr > n − 1
then (M, E) is one of the pairs listed above.
23. The case dimF − 1 ≥ τr > dimF − 2
Let M , E , and ψ :M→S be as in § 5.
The following proposition gives a rough classification of (M, E) with ψ of fiber
type in case dimF − 1 ≥ τr > dimF − 2 for a general fiber F of ψ.
Proposition 23.1. Suppose that τ ≥ 1, that ψ is of fiber type, and that dimF−1 ≥
τr > dimF − 2 for a general fiber F of ψ. Set d = dimF = pτrq + 1. Then we
have one of the following:
(1) d is odd, r = (d− 1)/2, and (F, E|F ) ∼= (Pd,O(1)⊕(r−1) ⊕O(2));
(2) F is a Del Pezzo manifold, and E|F ∼= A⊕r for the ample line bundle A
on F such that KF + (d − 1)A = 0 (the Picard number ρ(F ) of F is not
necessarily one in this case);
(3) τ = 1, the Picard number ρ(F ) of F is one, and KF + det E|F = 0;
(4) r = 2, τ = 1, F ∼= P2 × P1, and E|F = (OP2(1) ⊕ OP2(2)) ⊠ OP1(1) or
TP2 ⊠OP1(1);
(5) d−1 > τr > d−2, the Picard number ρ(F ) of F is one, and KF+τ det E|F =
0.
Proof. Since d− 1 ≥ τr > d− 2 , d = dimF , and KF + τ det E|F = 0, we will apply
the classification of the case n− 1 ≥ τr > n− 2; note that we have already proved
Theorem 1.3 under an additional assumption that τr > n− 2.
Suppose that the Picard number ρ(F ) of F is one. If d − 1 > τr > d − 2, we
are in the case (5) of the proposition. (The precise classification of (F, E|F ) with
d− 1 > τr > d − 2 corresponds to the cases (4), (13), (14), (15) where n 6= 2, and
(16) of Theorem 1.3.) Suppose that d− 1 = τr. If τ = 1, we are in the case (3) of
the proposition. If τ > 1, we see, by the classification of the case τr = n − 1 and
by the assumption ρ(F ) = 1, that we are in the cases (1) or (2) of the proposition.
Suppose that the Picard number ρ(F ) of F is bigger than one. Then F has
at least two extremal rays. Moreover we see, by the classification of the case
n− 1 ≥ τr > n− 2, that we may assume that d− 1 = τr.
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Suppose that some of the extremal rays of F corresponds to a birational con-
traction morphism. Then (F, E|F ) lies in the case (12) of Theorem 1.3; we see,
in particular, that the birational contraction of the ray is divisorial. Denote by
E the exceptional divisor. Since KF + τ det E|F is trivial, (F, E|F ) does not lie in
the sub-case (a) of the case (12) of Theorem 1.3. Suppose that (F, E|F ) is in the
sub-case (b) of the case (12). Then F is a P1-bundle P(OP2⊕OP2(−1)) over P2, and
E|F ∼= H(OP2(2)⊕OP2(1))
⊕r. Hence (F, E|F ) lies in the case (2) of the proposition.
If (F, E|F ) is in the sub-case (c) or (d) of the case (12) of Theorem 1.3, then r = 1,
τ = 1, and F is a Del Pezzo surface with −KF = E|F . Hence (F, E|F ) lies in the
case (2) of the proposition.
Suppose that each extremal ray of F corresponds to a contraction morphism of
fiber type. Since ρ(F ) ≥ 2 by assumption, the image of any contraction morphism
is positive dimensional. Thus (F, E|F ) lies in either of the cases (11), (8), (9), or
(10) of Theorem 1.3.
Suppose that some extremal ray corresponds to a contraction of the type (11)
of Theorem 1.3; let f : F → S′ be the contraction onto a smooth surface S′. Then
f is a Pd−2-fibration and d ≥ 3.
Suppose that some other extremal ray also corresponds to a contraction of the
case (11) of Theorem 1.3; let g : F → S′′ be a Pd−2-fibration onto a smooth surface
S′′. Since the restriction of f to a fiber of g is finite by Lemma 8.1, we see that
d− 2 ≤ 2. If d− 2 = 2, then the restriction of f to a fiber P2 of g is finite surjective
onto a smooth projective surface S′. Therefore we infer that S′ ∼= P2 since a non-
constant morphism from P2 is finite so that S′ must be a minimal rational surface
which does not admit a surjective morphism onto a curve. Now, by Lemma 13.1,
we know that the restriction of f to any fiber of g is an isomorphism. Therefore
F ∼= P2 × P2. Moreover we have E|F ∼= (O(1) ⊠ O(1))⊕r, where 1 ≤ r ≤ τr = 3.
Setting A = O(1) ⊠ O(1), we have KF + (d − 1)A = 0 and E ∼= A⊕r. Hence this
is in the case (2) of the proposition. If d− 2 = 1, then r ≤ τr = 2. If r = 2, since
KF + det E|F = 0 and F has two P1-fibrations over surfaces, we see, by [52], that
F is a Del Pezzo manifold and that E|F ∼= A⊕r where A is a line bundle satisfying
KF + (d − 1)A = 0. This description is also valid in case r = 1. Hence these are
also in the case (2) of the proposition.
Suppose that some other extremal ray corresponds to a contraction of the case
(8) of Theorem 1.3; let g : F → C be the contraction onto a smooth curve C.
Then a general fiber of g is a smooth hyperquadric of dimension d − 1. Since the
restriction of f to a fiber of g is finite by Lemma 8.1, we see that d− 1 = 2. Hence
the restriction of f to a general fiber Q2 of g is finite surjective onto a smooth
projective surface S′. Therefore we infer that S′ ∼= P2 or Q2. If S′ ∼= P2, then
we see, by Lemma 13.1, that a general fiber Q2 of g is isomorphic to S′ via the
restriction of f . This is a contradiction. Therefore S′ ∼= Q2. Now if r = 2 it follows
from [52] that F is a Del Pezzo manifold and that E|F ∼= A⊕2 where A is a line
bundle satisfying KF + (d − 1)A = 0. This description is also valid in case r = 1.
Hence these are in the case (2) of the proposition.
Suppose that some other extremal ray corresponds to a contraction of the case
(9) or (10) of Theorem 1.3; let g : F → C be the contraction onto a curve C. Then
a fiber of g is isomorphic to Pd−1. Since the restriction of f to a fiber of g is finite
by Lemma 8.1 and thus surjective onto a smooth projective surface S′, we see that
d− 1 = 2 and that S′ ∼= P2. Now it follows from Lemma 13.1 that the restriction
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of f to any fiber of g is an isomorphism. Therefore F ∼= P2 × P1. Note here that
τr = d− 1 = 2 and that τ det E|F = −KF = OP2(3)⊠OP1(2). Hence τ = 1, r = 2,
and E|F = (OP2(1)⊕OP2(2))⊠OP1(1) or TP2 ⊠OP1(1). This is the case (4) of the
proposition.
Suppose that two of the extremal rays of F correspond to contraction morphisms
of the cases (8), (9), or (10) of Theorem 1.3. Then we see that d = 2 by Lemma 8.1.
Since the case where one of extremal rays of F corresponds to a birational morphism
is already done in the above argument, we may assume that F is minimal. Therefore
we infer that F ∼= P1×P1 and that E|F = O(2)⊠O(2). Thus we haveKF+(d−1)A =
0 and E|F = A⊕r, and we are in the case (2) of the proposition. This completes
the proof of the proposition. 
24. The case τr = n− 2 and ψ of fiber type with dimS > 0
Let ψ :M→S be as in § 5. We will give a proof of Theorem 1.3 under the condi-
tion that τr = n− 2 and that ψ is of fiber type with dimS > 0. By inequality (5.1)
in § 5, we infer that 1 ≤ dimS ≤ 3.
Suppose that dimS = 3. Then Proposition 3.1 shows that S has only finite
number of Gorenstein rational singularities, that, except for a finite number of
singular fibers of ψ, every smooth fiber F of ψ is isomorphic to Pn−3, and that
E|F ∼= O(1)⊕r. This is the case (24) of Theorem 1.3.
Suppose that dimS = 2. Then we can apply Proposition 21.1; note here that
S is smooth even if d = 2 and ψ−1(U) → U is a quadric fibration as can be seen
from its proof, since ψ : M = ψ−1(S2) → S2 = S is, by assumption, a contraction
morphism of an extremal ray. Therefore we obtain the cases (21), (22) and (23) of
Theorem 1.3.
Suppose that dimS = 1. Now we can apply Proposition 23.1; suppose that we
are in the case (1) of Proposition 23.1. Then we can show that ψ is a projective
space bundle. Therefore we get a special case of the case (10) of Theorem 1.3. The
case (2) of Proposition 23.1 corresponds to the case (19) of Theorem 1.3. and the
cases (3) and (4) correspond to the case (20) of Theorem 1.3.
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